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Abstract 



Any quantum system interacting with a complex environment undergoes decoherence and loses 
the 'ability' to show genuine quantum effects. Empty space is filled with vacuum energy due to matter 
fields in their ground state and represents an underlying environment that any quantum particle has to 
cope with. In particular quantum gravity vacuum fluctuations should represent a universal source of 
decoherence. It is important to assess which parameters control such an effect, also in relation to the 
issue of gaining experimental access to Planck scale physics. 

To this end we employ a stochastic approach that models spacetime fluctuations close to the Planck 
scale by means of a classical, randomly fluctuating metric (random gravity framework). We enrich 
the classical scheme for metric perturbations over a curved background by also including matter fields 
and metric conformal fluctuations. We show in general that a conformally modulated metric induces 
dephasing as a result of an effective nonlinear newtonian potential obtained in the appropriate non- 
relativistic limit of a minimally coupled Klein-Gordon field. The special case of vacuum fluctuations 
is considered and a quantitative estimate of the expected effect deduced. 

Secondly we address the question of how conformal fluctuations could physically arise. By ap- 
plying the random gravity framework we first show that standard GR seems to forbid spontaneous 
conformal metric modulations. Finally we argue that a different result follows within scalar-tensor 
theories of gravity such as e.g. Brans-Dicke theory. In this case a conformal modulation of the metric 
arises naturally as a result of the fluctuations in the Brans-Dicke field and quantum dephasing of a 
test particle is expected to occur. For large negative values of the coupling parameter the conformal 
fluctuations may also contribute to alleviate the well known problem of the large zero point energy 
due to quantum matter fields. 
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Notation and conventions 



We use metric signature (— , +, +, +) and, unless specified, geometrized unites with G = c = 1. The 
coordinates in a given system are denoted as a; = x^, x^, x^) = x), in such a way that the 
0-th coordinate represents time. 

Latin indices from the beginning of the alphabet such as a,b, c, d . . . = 0, 1, 2, 3. are used for 
spacetime tensors. Coordinates equations holding for spacial components will be written using latin 
indices from the middle of the alphabet i,j,k,l... = 1,2,3. 

The physical metric tensor is denoted as gab and its inverse is g"'''. When we need to highlight 
that a tensor, say Tab, depends functionally upon other tensors Aa.. Ba...'''" , ■ ■ ■, we will write 
Tab[A, B, . . .]. The notation for a totally symmetric and totally antisymmetric tensor is 

T[ab) '■= -^{Tab + Tba), 
T[ba] '■= -{Tab — Tba)- 

The Christoffel symbol is defined as 

r^ab = ^^g""^ {daQbd + dbgad - ddgab] ■ 
The sign definition for the Riemann tensor is the same as in Wald [1] 

Va'^bUJc - VbVaUJc = Rab/uJd, 

where Ud is a covariant vector field. This implies the following expression for the Ricci tensor: 

Rab '■= Racb^ = dcT'^ab — daT'^cb + ^'^ab^'^'cd — ^'^cb^'^da- 

The notation /i^^^ indicates a n-th order quantity. Accordingly, when expansions are made, e.g. 
of the Ricci tensor, the notation i?^^^ [h^^'^] indicates the part of the Ricci tensor which is second order 
in the linear perturbation /i^),^ . 



Introduction and motivations 



Probing Quantum Gravity? 

General relativity (GR) [1] and quantum field theory (QFT) [2] are both very successful theories of 
nature. Beside providing a deeper understanding of how gravity works by relating it to the curvature of 
spacetime, GR can be applied to a wide variety of physical domains, ranging from the solar system to 
the whole universe. So far it has 'passed' various crucial experimental tests [3], including anomalous 
perihelion shift of Mercury, light deflection, as well as energy loss in pulsar binary systems [4] which 
provided indirect evidence for the existence of gravitational waves (GWs). The large scale application 
of GR culminated in the standard cosmological model. Through a balanced interplay of theoretical 
inputs and observations, this is converging in providing a credible description of the visible universe 
and its evolution. Future direct detection of gravitational radiation, e.g. from projects such as LIGO 
[5] or LISA [6], could provide further spectacular evidence in favor of GR. 

The developments of quantum theory into a relativistic theory of quantum fields has converged 
into the standard model of particle physics [7]. This shed light onto the nature of elementary particles 
and, though still plagued by rather technical subtleties, provides quite a coherent framework which 
has been so far spectacularly verified experimentally in basically all respects. The only key element 
that still fails to be detected to date is the Higgs boson, related to the mechanism at the origin of mass. 
The fact that the newly built LHC [8] could provide future direct evidence of this elusive particle is 
an exciting possibility which would put the standard model on an even more solid basis. 

Both GR and QFT are based on important symmetry principles. The general relativistic frame- 
work extends Lorentz invariance between inertial frames to a deeper invariance under arbitrary co- 
ordinates transformation (covariance). The standard model is based, beyond the principle of Lorentz 
invariance, upon a certain number of gauge symmetries, i.e. it enjoys invariance under some spe- 
cial kind of internal (non-spacetime) transformations. An example is the Dirac field for the electron, 
whose local invariance under arbitrary phase transformations necessarily implies the existence of an 
extra gauge field with which it interacts. This is clearly the electromagnetic field. The resulting QED 
theory describes electrons interacting with the quantized radiation field and was the first example of 
successful gauge theory based upon a U (1) type symmetry. Other examples are the Weinberg-Salam 
electroweak theory, where a SU (2) type symmetry is used to unify the weak and electromagnetic 
interactions, and the QCD describing the strong interaction between quarks and gluons, based upon 
the SU (3) symmetry. 

Though successful in their various domains of application, GR and QFT are deeply different at 
the conceptual level. GR is a classical theory where the evolution of the spacetime metric gab stems 
deterministically from classical field equations. Even though extremely complicated to do in any 
realistic situation, one can in principle solve Einstein's equation once all the other classical matter 
fields and their coupling to gravity are specified. The evolution is determined precisely from the 
initial data and there are no intrinsic limits to one's ability to know precisely the matter fields or gravity 
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configuration at a given spacetime point. An essential feature of the theory is that of being background 
independent: the spacetime metric is not fixed a priori but it is itself a physical actor, both affected 
by and affecting the matter fields distribution. In any practically simple situation in which an exact 
solution of Einstein's equation can be found analytically, together with the included matter fields, then 
the past, present and future of the physical system are completely determined and mathematically 
described by a well defined manifold. These features imply that GR is successful when applied to 
large scale systems, where the underlying microphysics can be bypassed and described in classical 
macroscopic terms. 

The situation is radically different for QFT and the standard model. These deal with physical 
entities that are believed to rank among the most elementary constituent of the universe. Even though 
technically complex, the basic principles at the heart of QFT are those of quantum mechanics. This 
makes QFT a fundamentally statistical theory, in which possible predictions are probabilities for cer- 
tain events (such as scattering, particles production from the vacuum, field strengths, number of fields 
quanta) to happen. The state of a given system is described by a state vector in a Hilbert space 
satisfying a Schrodinger -like equation with a suitable Hamiltonian operator. Even though the evolu- 
tion of the state vector describing a closed system is deterministic, it is impossible, even in principle, 
to foresee the outcome of a particular measurement. The indeterminism inherent to any quantum 
theory occurs in a rather subtle way involving the interaction of the physical system under exam and 
some 'measuring' apparatus. It appears that, whenever an interaction and subsequent measurement 
take place, the state vector collapses, unpredictably, to a new state. The related probability is the 
only information that the quantum theory apparatus enables one to know in advance. Another im- 
portant feature of QFT that contrasts with GR is that the former is formulated mathematically using 
a fixed non-dynamical flat spacetime geometry. A quite successful formulation of QFT on a given 
fixed curved background geometry also exists. This allowed to predict important effects such as e.g. 
particle creation from the vacuum, effects of vacuum fluctuations and polarizations in the early uni- 
verse and Hawking radiation from black holes. However the passage from a flat Minkowski to a 
general background involves lots of non trivial issues [9]. Moreover QFT on a curved background 
neglects the backreaction effect of quantum matter onto the spacetime geometry, which is treated as 
non-dynamical. 

It is widely believed that the ultimate theory of nature should unify GR and QFT into a more 
comprehensive scheme that could then be applied both to the macroscopic classical world and to 
the microscopic unpredictable world. The dominant belief is that, within such a unified framework, 
gravity should be quantized as well. The eventuality that gravity is a classical field coupled to, say, 
the expectation value of the quantum matter fields leads to theoretical inconsistences [10, 11] also 
supported by experiments [12]. The resulting Quantum Gravity (QG) theory [13] is currently the 
'holy grail' of physics. Beyond esthetic and philosophical reasons, according to which a unified 
description of nature is very desirable, a valid QG theory will surely prove to be the most valuable 
tool to unveil new physics. This will probably shed new light upon concepts such as singularities, 
black holes, the big bang and the origin of the universe, as well as the deeper nature of space and 
time. 

Since the pioneering times of Einstein, Heisenberg and Dirac among the others, people have been 
trying to build a coherent theory, so far with no success. Various approaches have been attempted, 
from the early covariant perturbation method (plagued by the issue of non-renormalizability [14, 15]) 
to effective field theories [16], path integral method, Euclidean path integral approach [11], Penrose 
twistor approach, supergravity theories, lattice theories, dynamical triangulation [13], canonical ge- 
ometrodynamics [17]. The two approaches that are being most widely pursued and are believed by 
many to turn eventually into the right direction are String Theory [18] and Loop Quantum Gravity 
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(LQG) [19]. String Theory is closer in spirit to a QFT (though of a rather particular type since the 
physical particles arise here as excitation states of the string fields). It must recur to perturbative 
methods over a background in order to deduce the particles spectrum of which the spin 2 massless 
graviton would be a particular member. On the other hand LQG (based upon a development of the 
canonical quantization method) sticks closer to the original spirit of OR. It is a less ambitious pro- 
gram in that it does not attempt to unify physics as a whole. However the quantization program is 
standard in the sense that it is applied to GR once this is recast into Hamiltonian form by suitable 
canonical transformations. Once the so called Ashtekar variables [20] are introduced to replace the 
metric by the affine connection and the correct dynamical variables identified, the quantization is rel- 
atively straightforward. Within LQG, lengths, areas and volumes become themselves operator whose 
spectrum has been calculated. This yields a microscopic vision of the spacetime structure in terms 
of elementary 'chunks' of geometry, i.e. areas and volumes which can been described using the spin 
network theory. 

Quite independently of the specific form of the correct QG theory, it is generally believed that 
spacetime should have non-trivial microscopic properties. These could include complex topologies 
or an intrinsic discreteness (as emerging in the LQG approach) and, definitely, a non classical behavior 
[21]. By becoming an operator, the spacetime metric is exptected to have unpredictable configurations 
at the small scale; moreover any viable theory should be able to specify how an appropriate classical 
limit yielding a smooth metric obeying Einstein's equation can arise. On simple dimensional grounds 
QG is expected to alter significantly the structure of spacetime and the related physics at the Planck 
scale Lp 10~^^ m. The corresponding Planck energy Ep ^ 10^^ GeV is far beyond direct reach of 
even the most powerful particle accelerators such as LHC (even though it is still hoped that this could 
provide hints for supersymmetry or hidden dimensions). Nonetheless finding experimental access to 
QG phenomena is a matter of the greatest importance. Various possibilities are being considered, e.g. 
observing primordial black holes, QG induced anisotropy on the CMB, varying coupling constants, 
violation of equivalence principle and/or of Lorentz invariance, modified dispersion relations for dis- 
tant EM radiation due to the discrete microstructure of spacetime [13, 11]. A possibility that also 
receives attention is that according to which vacuum fluctuations of the spacetime geometry could 
affect the dynamics of a test quantum particle coupled to gravity: it is expected that microscopic 
Planck scale physics may be 'amplified' at a macroscopic observable scale as a decoherence 'signal' 
[22, 23, 24, 25]. 

Decoherence is a well known and studied phenomena which occurs whenever a quantum particle 
is coupled to an environment with many degrees of freedom [26, 27]. Extensive studies have begun 
in the 70s. Today it is widely believed that decoherence can play an important role in explaining the 
quantum to classical transition, localization, the measurement problem and addressing the issue of 
the wave function collapse [28]. It has also been proposed that decoherence could play a role in the 
emergence of classical spacetime from the full QG regime [26, 29]. In a nutshell, what happens is that 
the closed system given by the particle plus the environment evolves in the usual unitary way typical of 
quantum mechanics; this introduces non trivial correlations between the particle and the environment 
degrees of freedom; if the latter are ignored, technically by performing a trace that effectively averages 
over the environment, and the attention is focused on the open system constituted by the particle 
alone, it is found in general that this loses coherence and the 'ability' to show genuine quantum 
effects. For example pure superposition states decay to mixed states, basically equivalent to simple 
statistical mixtures and the possibility of interference is suppressed. Decoherence theory recently 
found brilliant confirmation in interferometry experiments with mesoscopic particles such as fuUerene 
[30]. In these matter waves interferometry experiments heavy molecules are propagated through a 
Talbot-Lau interferometry apparatus. The environment is mainly represented by the air molecules. 
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Unless the pressure is reduced drastically and all other external influences appropriately controlled, 
the molecular beam interference pattern's visibility is reduced or canceled. The experimental results 
are in very good agreement with decoherence theory calculations [31, 32]. 

Coming back to GQ and the decoherence induced by spacetime vacuum fluctuations, the idea is 
that these would represent some sort of inevitable environment that any quantum particle has to cope 
with. It has first been suggested by Percival and collaborators that this could be measured through 
matter waves interferometry experiments [24, 25, 33]. These ideas have been first explored from 
the point of view of the Primary State Diffusion theory [24, 34] and further investigated by Power 
[35] and Power-Percival [23] for the case of wave packets within a standard Quantum Mechanics 
approach. When trying to study decoherence due to QG effects we face a serious problem: a definite 
theory describing the quantum behavior of spacetime is still lacking. Usually this is circumvented in 
the literature by adopting some sort of stochastic treatment. Since we do observe a classical spacetime 
down to at least the subnuclear scale, it is clear that the true GQ theory must have a classical limit 
out of which the smooth spacetime manifold emerges. It is usually believed that there should be an 
intermediate regime, between the Planck scale and the subnuclear scale, where the residual signs of 
the spacetime quantum nature come in the form of an effective stochastic geometry [23, 36]. In other 
words the spacetime metric is expected to fluctuate randomly. Given this assumption one can replace 
the 'hard' fully quantum decoherence problem with the problem of the interaction of a quantum 
particle with a classical stochastic environment: it is then more appropriate to speak of quantum 
dephasing rather than decoherence since the environment is not treated at the quantum level. The 
problem of the interaction of a quantum particle with a stochastic gravitational environment emerges 
even in other domains involving fluctuations of a more general nature than due to vacuum effects. 
For example Reynaud and collaborators have extensively studied the dephasing induced by stochastic 
GWs of cosmic origin [37] and argued that these would have a negligible effect on HYPER-like 
atomic interferometers. More recently the interaction of a quantum particle with a stochastic metric 
and the induced dephasing have been considered by Breuer et al. [38]: in the case of Planck scale 
fluctuations, this study predicts far a too small effect to be detected with 'ordinary' quantum particles. 
However the authors do not rule out the possibility of detecting dephasing experimentally by using 
large quantum composite systems. 

Brief description and salient points of this work 

The investigations described in this thesis start out of the previous considerations. The original ques- 
tion that we wished to answer is whether decoherence suffered by a quantum particle due to spacetime 
fluctuations can be detected at present, e.g. by means of matter waves interferometry experiments like 
those described above for fuUerene. In our study we focus on a special class of spacetime fluctua- 
tions, namely conformed fluctuations. These represent perturbations that change locally the scale of 
the spacetime geometry. Conformal transformations of the metric play an important role in GR and 
alternative gravity theories such as scalar-tensor [39] . The main reason why we want to study con- 
formal fluctuations is that these have been advocated in a recent series of papers to be effective in 
providing a mechanism for quantum dephasing [23, 40, 36]. Power and Percival considered a simple 
and idealized toy model with conformal fluctuations propagating in ID over a flat spacetime geometry 
[23] . Inspired by this work and by a related proposal by Bingham [40], Wang and collaborators further 
investigated the issue trying to improve over Percival work by incorporating GWs into the analysis 
[36]. The two main conclusions of this work were: (1) conformal fluctuations can induce dephasing 
(2) their 'amount' is statistically set by a balancing mechanism according to which for every graviton 
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quantum there corresponds a 'conformal quantum' with a negative compensating energy. Beyond 
being limited to conformal fluctuations traveling in ID, the main limit of these analysis stands in the 
fact that the presence of conformal fluctuations within the framework of GR is somehow 'postulated' 
but not shown to be consistent in a rigorous way. 

Our goal here is trying to clarify upon these and some related issues by attempting to answer the 
following questions: 

1 . if we model the conformal fluctuations more realistically in 3D, can they still induce dephasing 
of a quantum particle? 

2. if yes, how would this dephasing manifest itself qualitatively? 

3. how can we treat consistently the interesting case of vacuum conformal fluctuations? 

4. can we make a quantitative theoretical prediction for the amount of expected dephasing on a 
given quantum particle? 

5. are conformal fluctuations physical? In other words, can we identify a theory of gravity which 
is compatible with the presence of conformal fluctuations? 

6. can this theory be GR or shall we recur to alternative theories such as scalar-tensor? 

7. can conformal fluctuations really provide a mechanism to balance part or all of the vacuum 
energy due to GWs and/or matter fields? 

Questions 1. and 2. 3. and 4. are addressed in Chapter 1, which is based on the paper [42]. Here 
we study the dynamics of a quantum particle in the metric gab = (1 + ^^Vab, where the conformal 
field A is a stochastic field propagating in 3D space and satisfying the wave equation. We consider 
this particular metric as given from the outset without asking how it could practically arise: we limit 
ourselves to studying the quantum mechanics problem of the statistical evolution of the density matrix 
describing a non relativistic quantum particle coupled to gravity. We derive a dephasing formula 
generalizing to three space dimensions Percival and Wang's results. The main result will be that, for 
an arbitrary power spectrum S{u) describing the statistical features of the conformal field, dephasing 
does indeed occur and it is expected to be roughly two orders of magnitude larger than in the ID case. 
Another important feature, in agreement with what found in previous studies, is that dephasing occurs 
only as a nonlinear effect resulting from a nonlinear effective newtonian potential oc to which the 
particle couples. A linear potential oc A cannot induce dephasing. 

In order to address question 4. and the problem of vacuum fluctuations we find inspiration from 
the work of Boyer in the 70s on random electrodynamics [41]. We simply assume that the classical 
fluctuations in A mimic the zero point quantum fluctuations of the hypothetical quantum field in its 
vacuum state. This is implemented in practise by decomposing A into normal modes and by assigning 
an energy ^/2 to each mode. This will correspond to choosing 5 (cj) oc 1/uj. In this case the general 
results can be made explicit and the expected amount of dephasing suffered by a particle of mass M 
numerically estimated. The conclusion is that the present day technology will not be able to detect 
any effect, unless very heavy quantum particles are employed, possibly in space based experiments, 
where the influence of other external environmental factors is minimized. 

The second part of the thesis addresses questions 5. 6. and 7. The main goal is to identify a theory 
of gravity compatible with the presence of conformal fluctuations induced by a conformal field A 
satisfying the wave equation. In Chapter 2 we establish the main framework by developing a general- 
ization of Isaacson's theory for metric perturbations on a curved background [43, 44] which can also 
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incorporate matter fields and conformal fluctuations. The treatment is perturbative and can describe 
GWs at first order. Since we wish to study phenomena related to vacuum we are ideally seeking for a 
formalism in which any large scale curvature of the geometry of empty spacetime is induced by the 
energy content of matter fields, the backreaction due to GWs and, possibly, to the conformal fluctua- 
tions. In order to account for this it is necessary to push the analysis to second order. Because of these 
facts the formalism introduced in Chapter 2 is referred to as the nonlinear random gravity framework. 
Like in Boyer random electrodynamics the idea is that some of the vacuum properties, namely those 
related to zero point energy, are modelled by using classical stochastic fields with an appropriate 
spectrum as described above. This formally allows to implement the passage from the microscopic 
scale, where fields fluctuate, to the classical scale, where geometry appears smooth, by means of a 
spacetime averaging procedure. Treating vacuum in this way will raise the issues of whether vacuum 
energy gravitates or not and how the resulting vacuum energy due to matter fields, GWs and, possibly, 
conformal fluctuations can be made compatible with the basically vanishing observed value. Thus we 
will be led to discuss the well known cosmological constant problem [45] and some issues related to 
the still hypothetical mechanisms that can regularize vacuum energy. 

The nonlinear random gravity framework is applied to standard GR in Chapter 3, where we try 
to find a solution of Einstein's equation in the form gab = [^1{A)]^ 'jab that may encode GWs and 
conformal fluctuations. Contrary to what claimed previously in the literature we find that spontaneous 
conformal fluctuations seem to be incompatible with the structure of GR, at least in the case of the 
problem considered here dealing with empty spacetime 'filled' with fields in their vacuum state. We 
will show that imposing a metric like gab = [^{A)]^ jab to Einstein's equation leads to constraint 
equations for the conformal field A that are unphysical and cannot be satisfied by a short wavelength 
fluctuating field. Moreover and in relation to question 7. we find that conformal fluctuations within 
GR cannot offer a mean to provide vacuum energy regularization. This conclusion in particular comes 
in correction of a technical imprecision in [46] where it had been wrongly found that conformal 
fluctuations could offer a way to balance the large amount of vacuum energy due to massless fields 
with a traceless stress energy tensor. 

Chapter 4 provides one possible answer to question 6. in relation to alternative theories of grav- 
ity. First we correctly re-interpret conformal transformations as a local change in the physical units 
used in physics. Along these lines we illustrate Bekenstein's theory of conformal invariant gravity 
[47], where conformal fluctuations can be introduced in a reasonable way through the fluctuations of 
Bekenstein's mass gauge field. This theory is still GR and, though enriched of a new symmetry, con- 
formal fluctuations still cannot induce any measurable effect. Finally we consider the more general 
class of theories known as scalar-tensor [39], where gravity is described by a rank 2 symmetric tensor 
and a scalar field which sets the local value of the gravitational constant. We focus in particular on 
the Brans-Dicke class of theories [48] and apply the nonlinear random gravity framework. The main 
result is that a vacuum solution in which the spacetime metric also presents a conformal perturba- 
tion is indeed possible. The conformal field A in this case represents a first order fluctuation of the 
Brans-Dicke field and the wave equation is a simple consequence of the general formalism. The main 
conclusion is that, independently of the value of the Brans-Dicke coupling parameter u, quantum 
dephasing due to conformal fluctuations is predicted to occur within the Brans-Dicke framework. A 
secondary conclusion regards the coupling parameter cu: at second order the structure of spacetime is 
determined by matter fields, GWs and A; this is found to contribute through an usual Klein-Gordon 
stress energy tensor for a massless field; for a certain range of values for cu, for which the Brans-Dicke 
field would be a equivalent to a ghost, the conformal fluctuations could indeed provide a vacuum en- 
ergy balance mechanism. This would serve to balance the traceless part of the matter fields stress 
energy tensor only. The cosmological constant problem still cannot be addressed. 
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To conclude we just spend a few words on how the work is organized. We discussed and included 
all our original results and contributions in the first four chapters, representing the main body of this 
thesis. We tried, when possible, not to overload the treatment with long derivations or background 
knowledge. We thus included in the appendices technical derivations and other related material that 
we deemed would have interrupted the flow of the treatment. In particular. Appendix A introduces the 
general material for the treatment of stochastic fields and is to be read in conjunction with Chapter 1. 
There we derive an important theorem which links the power spectral density of a spacetime stochastic 
process to its autocorrelation function. All technical and lengthy derivations related to Chapter 1 are 
included in Appendix B, while Appendix C shows how the spectral density S oc 1/w in relation to 
vacuum can be deduced. 

All the background material needed for this work is also shortly discussed in the appendices. 
In Appendix D we review in great detail Isaacson's theory of metric perturbations over a curved 
background. This is the starting point for the material presented in Chapter 2. Finally, the necessary 
quantum mechanics material, especially in relation to the density matric formalism and decoherence 
is briefly illustrated in Appendix E. 



Chapter 1 



Dephasing of a non-relativistic quantum 
particle due to a conformally fluctuating 
spacetime 

In this chapter, based on [42], we investigate the dephasing suffered by a nonrelativistic quantum 
particle within a conformally fluctuating spacetime geometry. Starting from a minimally coupled 
massive Klein-Gordon field, we derive an effective Schrodinger equation in the non-relativistic 
limit. The wave function couples to gravity through an effective nonlinear- potential induced 
by the conformal fluctuations. The quantum evolution is studied through a Dyson expansion 
scheme up to second order. We show that only the nonlinear part of the potential can induce 
dephasing. This happens through an exponential decay of the off diagonal terms of the particle 
density matrix. The bath of conformal radiation is modeled in three-dimensions and its statistical 
properties are described in terms of a general power spectral density. Vacuum fluctuations at a 
low energy domain are investigated by introducing an appropriate power spectral density and a 
general formula describing the loss of coherence is derived. This depends quadratically on the 
particle mass and on the inverse cube of a particle dependent typical cutoff scale. Finally, the 
possibilities for experimental verification are discussed. It is shown that cun^ent interferometry 
experiments cannot detect such an effect. However this conclusion may improve by using high 
mass entangled quantum states. 



1.1 Introduction 

It is generally agreed that the underlying quantum nature of gravity implies that the spacetime struc- 
ture close to the Planck scale departs from that predicted by GR. Unfortunately the QG domain is 
still beyond modern particle accelerators such as LHC. Nonetheless, finding experimental ways to 
test the quantum properties of spacetime would be highly beneficial to the theoretical developments 
of our fundamental theories of nature. In this respect it is has been suggested that QG could in- 
duce decoherence on a quantum particle through its underlying Planck scale spacetime fluctuations 
[23, 36, 38, 40, 49, 50]. 

As the sensitivity and performance of matter wave interferometers is increasing [30, 31, 32, 51, 
52], it is important to assess the theoretical possibility of a future experimental detection of intrinsic, 
spacetime induced decoherence. The closely related dephasing effect due to a random bath of clas- 
sical GWs (e.g. of astrophysical origin) has been extensively studied e.g. in [37]. The problem of 
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the decoherence induced by spacetime fluctuations is difficult to study: notwithstanding promising 
progress, mainly in loop quantum gravity and superstring theory [1 1], a coherent and established QG 
theoretical framework is still missing. Thus theoretical attempts for a prediction of the decoherence 
induced by spacetime fluctuations usually exploit some semiclassical framework. Such approaches 
typically represent the spacetime metric close to the Planck scale by means of fluctuating functions. 
These are usually supposed to mimic the vacuum quantum properties of spacetime down to some 
cutoff scale i = \Lp, where Lp is the Planck scale. The dimensionless parameter A marks the bench- 
mark between the fully quantum regime and the scale where the classical properties of spacetime 
start to emerge [23, 36]. The fact that classical fluctuating fields can be used to reproduce various 
genuine quantum effects is well known, e.g. from the work of Boyer [41, 53] in the case of the EM 
field. Frederick also applied the same technique to model spacetime fluctuations [54]. A classical but 
fluctuating metric is often exploited in the literature in relation to problems related to the microscopic 
behavior of the spacetime; e.g. a stochastic metric was employed in [55, 56] to study the problem 
of gravitational collapse and big bang singularities, while in [57] spacetime metric fluctuations were 
introduced and their ability to induce a weak equivalence principle violation studied. 

A pioneering analysis of the problem of spacetime induced decoherence has been proposed by 
Power & Percival (PP in the following) [23] in the case of a conformally modulated Minkowski 
spacetime with conformal fluctuations traveling along one space dimension. This was improved by 
Wang et al. [36], who extended upon PP work attempting to include the effect of GWs. Conformal 
fluctuations are interesting as they are relatively easy to treat and offer a convenient way to build 'toy' 
models to assess some of the problem's features. They have an important role in theoretical physics 
[58] and are sometimes invoked in the literature also in relation to universal scalar fields [59, 56] that 
also arise naturally in some modified theories of gravity such as scalar-tensor [60, 48, 39]. 

Within a semiclassical approach that 'replaces' the true quantum environment by classical fluctu- 
ating fields we should properly speak of dephasing of the quantum particle rather than decoherence. 
In a remarkable paper about quantum interference in the presence of an environment [61], Stem and 
co-authors showed that the fully quantum approach where decoherence is studied by 'tracing away' 
the environment degrees of freedom and that in which the dephasing of the quantum particle is due to 
a stochastic background field give equivalent results. 

Here we consider a conformally modulated four-dimensional spacetime metric of the form gab = 
(1 + Ayr]ab- Such a metric has been considered by PP [23], where the dephasing problem was studied 
in the simple idealized case of a particle propagating in one-dimension. By imposing Einstein's 
equation on the metric gab, PP deduced a wave equation for A. Their procedure to derive an effective 
newtonian potential interacting with the quantum probe started from the geodesic equation for a test 
particle. Even though this did not take properly into account the nonlinearity in the conformal factor 
(l + A)"^, they found correctly that the change in the density matrix is given by 5p oc M^TAqT*, where 
M is the probing particle mass, T the flight time, Aq the amplitude of the conformal fluctuations and 
their correlation time. This formula was used to set limits upon A. However in doing so they did 
not treat the statistical properties of the fluctuations properly and this resulted in the wrong estimate 
A oc (A/^T/5p)^/^, as already noted by Wang et al in [36]. 

In their work, Wang and co-authors considered a metric of the kind gab = (1 + A^'jab, where 
the conformal metric jab was supposed to encode GWs. This was done by exploiting the results in 
[62, 63] where a canonical geometrodynamics approach employing a conformal spacial 3-metric has 
been studied. By exploiting an energy density balancing mechanism between the conformal and GWs 
parts of the total gravitational Hamiltonian, the statistical properties of the conformal fluctuations 
where fixed. This corresponded to assume that each 'quantum' of the conformal field possessed a 
zero point energy —hw. Though an improvement over PP work, this approach is still one-dimensional 
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and too crude to make predictions. Moreover, as it shall be discussed extensively in chapters 3 and 4, 
the issue of energy balance between conformal fluctuations and GWs is a delicate one and, in fact, it 
seems to be ruled out within the standard GR framework. 

In the following sections we provide a coherent three-dimensional treatment of the problem of a 
slow massive test particle coupled to a conformally fluctuating spacetime. The conformal field A is 
assumed to satisfy a simple wave equation. This will allow for a direct comparison with PP result. 
We also notice that such a framework is expected to arise naturally within a scalar-tensor theory of 
gravity, as it will be shown in chapter 4. 

The material is organized as follows: in Section 1.2 the non-relativistic limit of a minimally cou- 
pled Klein- Gordon field is deduced and an effective newtonian potential depending nonlinearly on A 
is identified in the resulting effective Schrodinger equation. In Section 1.3 we set the general formal- 
ism to study the average quantum evolution of the particle density matrix p through a Dyson expansion 
scheme. In Section 1.4, general results derived in Appendix A are used to model the statistical and 
correlation properties of the fluctuations through a general, unspecified, power spectral density. In 
Section 1.5 and 1.6 we compute the average quantum evolution and derive a general expression for 
the evolved density matrix. We show in general that only a nonlinear potential can induce dephas- 
ing. The resulting dephasing formula implies an exponential decay of the density matrix off-diagonal 
elements and is shown to hold in general and independently of the specific spectral properties of 
the fluctuations. All we assume is that these obey a simple wave equation and that they are a zero 
mean stochastic process. The overall dephasing predicted within the present three-dimensional model 
-equation (1 .39)- is seen to be about two orders of magnitudes larger than in the one-dimensional case 
as derived by PP. This result improves over both Percival's and Wang's work in that its key ingredi- 
ents are general enough to be potentially suited for a variety of physical situations. Next we consider 
in Section 1.7 the problem of vacuum fluctuations. To this end a power spectrum S{u) oc l/c<j is 
introduced and we derive an explicit formula for the rate of change of the density matrix. Finally the 
discussion in Section 1.8 addresses the question of whether the dephasing due to conformal vacuum 
spacetime fluctuations could be detected. A possibility would be through matter wave interferometry 
employing heavy molecules. We consider this issue in the final part of this chapter by estimating the 
probing particle resolution scale, setting its ability to be affected by the fluctuations. The resulting 
formula for the dephasing indicates that the level of the effect is still likely to be beyond experimental 
reach, even for heavy molecules such as fuUerene [51]. A measurable effect could possibly result for 
larger masses, e.g. if entangles quantum states were employed [64]. 

1.2 Low velocity limit and effective Schrodinger equation 

The problem we wish to solve is clearly defined: we consider a scalar field A inducing conformal 
fluctuations on an otherwise flat spacetime geometry according to 

gab = = {I + A)\b, (1.1) 

where rjab = diag(— 1, 1, 1, 1, ) is the Minkowski tensor. We will refer to A as to the conformal field 
and this will be assumed to satisfy the wave equation d'^dcA = 0. Solving this equation with random 
boundary conditions results in a randomly fluctuating field propagating in three-dimensional space. 
We assume this to be a small first order quantity, i.e. \A\ = 0{e <^ 1). Equation (1.1) expresses 
the spacetime metric in the laboratory frame. We also suppose that the typical wavelengths of A are 
effectively cut off at a scale set by £ = XLp, where Lp = {hG/c^Y^"^ ~ 10"^^ m is the Planck 
length. The dimensionless parameter A represents a structural property of spacetime: below £ a full 
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quantum treatment of gravity would be needed so that, by definition, ^ represents the scale at which 
a semiclassical approach that treats quantum effects by means of classical randomly fluctuating fields 
is supposed to be a valid approximation. The value of A is model dependent but it is generally agreed 
that A > 10^ [36], so that i is expected to be extremely small from a macroscopic point of view. 
This motivates the assumption that classical macroscopic bodies, including the objects making up the 
laboratory frame and also the observers, are unaffected by the fluctuations in A. This corresponds to 
the idea that a physical object is characterized by some typical resolution scale setting its ability 
to 'feel' the fluctuations: if ^ ^ these average out and do not affect the body, which then simply 
follows the geodesic of the flat background metric. On the other hand a microscopic particle can 
represent a successful probe of the conformal fluctuations if its resolution scale is small enough. 

We are interested in the phase change induced on the wave function of a quantum particle by the 
fluctuating gravitational field. Various approaches to the problem of how spacetime curvature affects 
the propagation of a quantum wave exist in the literature; e.g. for a stationary, weak field and a non 
relativistic particle a Schrodinger -like equation can be recovered [65]. The more interesting case of 
time varying gravitational fields can be treated e.g. by eikonal methods that are usually restricted to 
weak fields with gab = Vab + hab and \hab\ <^ 1 [66, 67]. Other approaches, e.g. in [57, 38], are 
based on the scheme developed by Kiefer [68] for the nonrelativistic reduction of a Klein-Gordon 
field which is minimally coupled to a linearly perturbed metric. 

The approach of PP in [23] and of Wang at el. in [36] was to derive the geodesic equation in the 
weak field limit. Their treatments were however employing, incorrectly, the usual newtonian limit 
scheme which is valid only for weak, linear and static perturbations [1]. This cannot be done in the 
present case as fi^ = {1 + AY induces a fast varying, nonlinear perturbation. In alternative to the 
Newtonian limit approach one could compute the geodesies of a conformally modulated Minkowski 
metric exactly and without making assumptions on the conformal factor. However this is ideally 
suitable for a zero size test particle or, more precisely, for a particle whose typical size is much 
less than the typical scale over which the spacetime geometry varies. This is not suitable for the 
situation we wish to study, where the spacetime fluctuations are assumed to vary on the very short 
scale i = XLp. 

A wave approach that starts from a relativistic KG field does not suffer from the limitations of 
geodesic approach: this could be suitable for localized particles, while the KG approach does not 
assume any wave profile. For these reasons we expect the two methods to be inequivalent. Moreover 
the wave approach is conceptually clearer also because the coupling between gravity and a scalar field 
is well understood and in the appropriate non-relativistic weak field limit an effective Schrodinger 
equation emerges naturally. This will be our approach below. 

We describe the quantum particle of mass M by means of a minimally coupled Klein-Gordon 
(KG) field 0: 

g'^'^^aVb^ = -^0, 

where Va is the covariant derivative of the physical metric gab- Using gab = ^'^Vat this equation can 
easily be made explicit [1] and reads: 

(-^^ + ^y = - 25.(lnl])5>, (1.2) 

i.e. the wave equation for a massive scalar field plus a perturbation due to A describing the coupling to 
the conformally fluctuating spacetime. We remark that, had we considered the alternative meaningful 
scenario of a conformally coupled scalar field, then the equation g"''^V a^b(t> ~ R<P/Q — JVPc^cp/fi? = 
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would read explicitly 

The extra curvature term reads il~^d'^dc^ = (1 ~ Ajd'^dcA + 0(5^). We see that if A is assumed to 
satisfy the wave equation then it has no effect: in this case the minimally and conformally coupled 
KG equations are equivalent up to second order in A. We also note that, by introducing the auxiliary 
field $ := VL(j), equation (1.2) turns out to be equivalent to: 

u V $ = $. 

V c^dt^ ) 

In principle, if a solution for $ were known, then the physical scalar field representing the particle 
would follow formally as0 = = {1 — A + A^)^, up to second order in A. However in 

studying the dephasing problem we will only find an averaged solution for the average density matrix 
representing the quantum particle. Therefore, even if a solution in this sense is know in relation to $, 
it would not be obvious how to obtain the corresponding averaged density matrix related to 0, which 
is what we are interested in. 

In view of the above considerations we work directly with equation (1.2) and now proceed in 
deriving its suitable non-relativistic limit. We will make two assumptions: 

1 . the particle is slow i.e., ifp = Mv is its momentum in the laboratory, we have: 



2. the effect of the conformal fluctuations is small, i.e. the induced change in momentum 6p = 
M6v is small compared to Mv: 



In view of these assumptions we can write: 

= Vexp {-iMcH/h), 
where the field tp is close to be a plane wave of momentum p. As a consequence we have: 
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Using this and multiplying by /2M, equation (1.2) yields: 



1% 



1 

dt 2M 8 V c 



Ti 



T2 



A2\ fc2 

A + — \Mc^iP- -j^d^c^da ln(l + A) x exp (iMcH/h) 



(1.3) 
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Leaving the term T4 aside for the moment, the orders of the three underlined terms must be 
carefully assessed. We have: 



where an average has been inserted since T3 is fluctuating. It follows that 



Thus, in the non-relativistic limit, T2 is negligible in comparison to Ti. This is the case in a typical 
interferometry experiment where it can be ?; ~ 10^ m s~^ [52], so that {v/ c)^ ~ 10^^^. Next we have: 

The request that the conformal fluctuations have a small effect thus gives the condition 



-— < 1 ^ £ ~ 
1 



(1.4) 



That this condition is effectively satisfied can be checked a posteriori after the model is complete. It 
depends on the statistical properties of the conformal field and the particle ability to probe them. This 
will be related to a particle resolution scale. At the end of the discussion in Section 1.8.3 we will 
show that (1.4) is satisfied if, e.g., the particle resolution scale is given by its Compton length. 
Under these conditions the non-relativistic limit of equation (1.3) yields: 



where 



^2 

T4 := -—d^^daHl + A)x exp [iMcH/h). 



(1.5) 



In order to assess the correction due to this term we split it into two contributions by writing separately 
the time and space derivatives. Using the fact that 



dt 



tpexp [-iMch/h) 
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it is easy to see that: 

T4 = -ih (^A - AA^ i/j - ihv {A^^ - AA^^) V^, (1.6) 

where A := dA/dt, A^^ '■= dA/dx and where we assumed that the particle velocity in the laboratory 
is along the x axis. In Appendix A. 7 we show that if A is (i) a stochastic isotropic perturbation and 
(ii) effectively fast varying over a typical length Xa = hih/{Mc) related to the particle resolution 
scale, then T4 reduces to: 

T,= {-A + A')^i;. (1.7) 

Here k ~ 1 is dimensionless and its precise value is unimportant. The important point is that T4 
yields a positive extra nonlinear term in A that adds up to what we already have in (1.5). Finally we 
get the effective Schrodinger equation 



2M ^ ^ dt 
where the nonlinear fluctuating potential V is defined by 

V ■= {CiA + C2A^) Mc^. (1.8) 

The values of the constants Ci and C2 depend on k. For k = 1 it would be Ci = and C2 = 3/2. For 
generality we will leave them unspecified and consider k as a constant of order one. 



1.3 Average quantum evolution 

1.3.1 Dyson expansion for short evolution time 

We now have a rather well defined problem: that of the dynamics of a non relativistic quantum 
particle under the influence of the nonlinear stochastic potential (1.8). The Schrodinger equation 
describing the dynamics of a free particle is suitable to describe the interference patterns that could 
result e.g. in an interferometry experiment employing cold molecular beams. When the particle in 
the beam propagates through an environment, we are dealing with an open quantum system. This in 
general suffers decoherence, resulting in a loss of visibility in the fringes pattern [32, 52]. This is 
a well defined macroscopic quantity. In the present semiclassical treatment the environment due to 
spacetime fluctuations is represented, down to the semiclassical scale by a sea of random radiation 
encoded in A and resulting in the fluctuating potential V . An estimate of the overall dephasing can 
be obtained by considering the statistical averaged dynamics of a single quantum particle interacting 
with V . In practise we will need (i) to solve for the dynamics of a single particle of mass M and (ii) 
calculate the averaged wavefunction by averaging over the fluctuations. The outcome of (i) would 
be some sort of 'fluctuating' wavefunction carrying, beyond the information related to the innate 
quantum behavior of the system, that related to the fluctuations in the potential. The outcome of (ii) 
is to yield a general statistical result describing what would be obtained in an experiment where many 
identical particles propagate through the same fluctuating potential. 

We thus consider the Hamiltonian operator H{t) = + H^{t), where is the kinetic part 
while 

fl\t) = I d^a;\/(x,t)|x)(x|, 
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is the perturbation due to the fluctuating potential energy. Here |x)(x| is the projection operator on 
the space spanned by the position operator eigenstate |x). Indicating the state vector at time t with 
ijjt, the related Schrodinger equation reads 

= ih^. 

Using the density matrix formalism and as shown in Appendix E, the general solution can be ex- 
pressed through a Dyson series as [69] 

PT = Po + Ui{T)po + PoUKt) + f/2(r)po + UiiT)poUliT) + poUl{T) + ..., (1.9) 

where po is the initial density matrix and the propagators Ui{T) and U2{T) are given by 

T 



f>2(T) := [ [ dt"H{t')H{t") 



In truncating the series to second order we assume that the system evolves for a time T such that 
T <^ T*, where T* is defined as the typical time scale required to have a significant change in the 
density matrix p. 

The effect of the environment upon a large collection of identically prepared systems is found by 
taking the average over the fluctuating potential as explained above. Formally and up to second order 
we have 

(Pr) = (po + iJi{T)po + PoUl{T) + U2{T)po + UiiT)poUl{T) + poUl{T)) . (1.10) 



The averaged density matrix {p^) will describe the average evolution of the system including the 
effect of dephasing. 

It is straightforward but lengthy to show that, up to second order in the Dyson's expansion, the 
kinetic and potential parts of the hamiltonian give independent, additive contributions to the average 
evolution of the density matrix, i.e. (pr) = [pt]o + ([Pr]i) , where 

[Pt]o := Po + [UiiT)]oPo + Po[UiiT)]l 
+ [f>2(T)]oPo + [U,{T)]oPo[UiiT)]l + poimnl 



([Pt]i) := (po + [t>i(T)]iPo + Po[Ui{T)]\ 
+ [t/2(T)]ipo + [U,{T)],po[Ui{T)]\ + po[f/2(T)]l) . (1.11) 

Here the kinetic propagators [Ui (T)]o and [U2 (T)]o depend solely on H^, while the potential propaga- 
tors [?7i(T)]i and [U2{T)]i depend only on H^{t). For a proof of this statement we refer to Appendix 
B.l. In the next section we estimate the dephasing by calculating the term ([pr]i) alone. 
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1.4 The conformal field and its correlation properties 

We now set the statistical properties of the conformal field A. This is assumed to represent a real, 
stochastic process having a zero mean. We further assume it to be isotropic. In Appendix A we 
review a series of important results concerning stochastic processes, in particular in relation to real 
stochastic signals satisfying the wave equation. The main quantity characterizing the process is the 
power spectral density S{u). In the case of an isotropic bath of random radiation, field averages such 
as (A^), (I Vv4|^) and {{dtA)'^) can be found in terms of S{lj), e.g. 

{A^) = ^,ld'kSik), 

where kc = uj. In Appendix A we show how the conformal field can be resolved into components 
traveling along all possible space directions according to 

A(x,t) = j dkA^{k-x/c-t), 

where dk indicates the elementary solid angle. The capacity of the fluctuations to maintain correlation 
is encoded in the autocorrelation function C(r). In the same appendix we prove a generalization of 
the usual Wiener- Khintchine (WK) theorem, valid for the case of a spacetime dependent process 
satisfying the wave equation, and linking the autocorrelation function to the Fourier transform of the 
power spectral density according to: 



C(t) = / diuuj'S(iu) cos(cjr). (1.12) 

{2ncy J 

This allows to prove that wave components traveling along independent space directions are uncorre- 
cted, i.e. 

{A^it)A^,it + T)) = 6ik,k')CiT). (1.13) 

The field mean squared amplitude is related to the correlation function according to (A^) = 47rCo, as 
derived in Appendix A, and where Co := C(0). 

Isotropy implies that all directional components have the same amplitude Aq. This is found intro- 
ducing the normalized correlation function R{r) through 



Co ' 

SO that -R(O) = 1. Equation (1.13) can now be re-written as {A^{t) A^^,{t + r)) = 5{k, k') Co R{r) so 
that, introducing the normalized directional components, f^^it) := A^{t) / ^/Cq we have 

{mf^,{t + T)) = 5{k,k!)R{r). 

We now define the constant Aq := a/Cq which is connected to the squared amplitude per solid angle 
according to Aq = Cq = {A^) j^m. The directional components are given by A-^{t) = Aq f^^{t) and 
the general conformal field can finally be expressed as an elementary superposition of the kind 

A{x,t) = Ao Jdkf^ik-x/c-t). (1.14) 
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1.4.1 Summary of the correlation properties of the conformal fluctuations 

The main statistical properties of the directional stochastic waves are summarized by 

(/kW)=0, (1.15) 

{mh,{t'))=6{k,k')R{t-t'), (1.16) 

i.e. each component has zero mean and fluctuations traveling along different space directions are 
perfectly uncorrelated. These two properties imply that odd products of directional components have 
also a zero mean, i.e. 

</k,(^l)/k.(^2)/k3(^3)>=0. (1.17) 

In the following dephasing calculation we will need to evaluate means involving products of four 
directional components. To this purpose we need to introduce the second order correlation function 
R"{t — t') according to 



(1.18) 



This definition is compatible with the fact that the mean is one when components traveling in different 
direction are involved, i.e. ([/k(t)]^[/k,(t')]^) = 1 if k ^ k'. 

1.5 Dephasing calculation outline 

To calculate the dephasing suffered by the probing particle we must evaluate the average of all the 
individual terms in equation (1.11). The relevant propagators are 



[Ui{T)]i :- 



The interaction Hamiltonian is given by 



1 



dt'H\t'), 

" Jo 

^ /■* . 
dt / dt'H\t)H\t'). 
Jo 



^.W^/.^.V(M)|x)(x| 



where the potential energy is 



V^(x, t) = CiMc'Ao dkf^{t-x- k/c) + CaMcM^ 



dk4(t-x-k/c) 



1.5.1 First order terms of the Dyson expansion 

We evaluate the two first order terms in the Dyson expansion. For a more compact notation, we do 
not show the argument of the directional components /j^. The contribution of the linear part of the 
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potential CiMc^A vanishes trivially since (/j^) = 0. The quadratic part gives: 



f>i(T)po 



iC2Mc'^Al 
h 



dt d X |x) (x| 



Po- 



Using A^^{t) = VCofy^{t) and (A^) = A-kCq = ^iiA^ it is seen that the average yields An. Since 
jd^x |x) (x| = I and integrating over T we find 



HT)Pi 



ATTC2iMc^AlT 



h 



-Po- 



(1.19) 



The calculation of the other first order term proceeds in the same way. Since Ul{T) = — f/i (T), it 
yields the same result as in (1 . 19) but with the opposite sign (more in general, all the odd terms in the 
Dyson expansion have an i factor and also yield a vanishing contribution). We thus see that at first 
order in the Dyson expansion there is no net dephasing and (f/i(T)po + PoUl(T)) = 0. 



1.5.2 Second order terms of the Dyson expansion 

The second order calculation is more complicated. A fundamental point is that the linear part of the 
potential does again give a vanishing contribution. Dephasing will be shown to come as a purely 
nonlinear effect due to the nonlinear potential term ~ A^. 



(Non)-contribution of the linear part of the potential 

To have an idea of how things work we consider e.g. the average of the term U2Po- This has the 
following structure: 

(f/2Po) - JdtJ dt' J d'y\y){y\ J rfV|y')(y'l {V{y,t)V{y',t'))po. 

The interesting part is the average {V{y, t)V{y', t')). This is: 

{V{y,t)Viy',t')) ~ (A(y,t)A(y',t')) + {Aiy,t)A\y',t')) + {A' {y , t) A' (y' , t')) . 

The second term vanishes in virtue of property (1.17). This is seen using the directional decomposi- 
tion (1.14) and writing: 

{A{y,t)A\y',t')) = Al j rfki j dk^ j d^ = 0. 

The first term derives from the linear part of the potential. It results in the contribution: 

(A(y,t)A(y',t'))^ 

^ dtjdt'j d'y\y){y\ j d'y'\y'){y'\ j dkj dk' (^(t - y - k)f^,{t' - y' - k')) Po- 

For convenience of notation we set c = 1 in the arguments of the directional functions f^. Using 
equation (1.16) the average yields the 2-point correlation function according to 6(k, k')R{t — t' + y'- 
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k' — y ■ k). Integrating with respect to k' yields: 

{Aiy,t)A{y',t')) ^ l^dtjdt'j £y\y){y\ J A'|y')(y'l / dkR[t - t' + k ■ (y' - y)]po. 

The corresponding matrix element is found by inserting (x| and |x') respectively on the left and on 
the right. Using (x|y) = 6{x — y) and exploiting the properties of the delta function we find 

{A{y,t)A{y',t')) ^ K X [ dt [ dt' [ dkR{t - t') , (1.20) 

Jo Jo J 

where K is a constant given by 



K 



C2A2M2cVxx'(0) 



and where Pxx'(O) •= (^|Po|x'). The similar terms coming from {po&l) ^i^^ contribute in the same 
way as in (1.20), thus yielding an extra factor 2. Finally, through a similar calculation it is found that 
the terms ~ {A{y,t)A{y\t')) coming from (UipoUl) contribute according to: 

{A{y,t)A{y',t')) ^ -K x [ dt [ dt' [ dkR[t - t' + k ■ (x' - x)]. 

Jo Jo J 

Bringing all together, the overall contribution deriving from the linear part CiMc^A of the effective 
potential is found to be proportional to the expression: 

I ■■= dt |2 jdt'R{t - - ^ dt'R[t - t' + k ■ Ax] I , (1.21) 

where Ax := x' — x. In Appendix B.3 we prove that this vanishes provided R{t) is an even function 
and the drift time T is much larger than the time needed by the fluctuations to propagate through the 
distance |Ax|, i.e. if T ^ k ■ Ax, where c = 1. This condition is certainly satisfied in a typical 
interferometry experiment where the drift time T can be of the order of ~ 1 ms and cT is indeed 
much larger than the typical space separations |Ax| relevant to quantify the loss of contrast in the 
measured interference pattern. 

Thus we have here the important result that the linear part of the potential doesn 't induce in 
general any dephasing up to second order in Dyson expansion. In fact we show in the next section 
that dephasing results purely as an effect of the nonlinear potential term C2Mc^A^. 



Contribution of the nonlinear part of the potential 

This calculation requires estimating averages of the kind {A^{y,t)A^{y\t')), which will bring in 
the second order correlation function R!' defined in (1.18). This is straightforward but algebraically 
lengthy. The full calculation is reported in Appendix B.2, where we show that proceeding in a similar 
way as done above, exploiting the statistical properties (1.15)-(1.18) and the already mentioned result 
/ = in relation to (1.21), then the general result for the density matrix and valid up to second order 
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in the Dyson expansion follows as: 



167r2 



dk / dK 



[(J) — X 



T 

dt 







dt'R{t 



t' - 



T 

dt 



dt'R^{t-t') 



k ■ Ax/c) X - t' - K ■ Ax/c) 



(1.22) 



Remarkably, the second order correlation function doesn 't play any role: the first order corre- 
lation function R{t), and thus the power spectral density S{uj), completely determines the system 
evolution up to second order Equation (1 .22) implies that the diagonal elements of the density matrix 
are left unchanged by time evolution. This is seen by setting Ax = which yields immediately 
Pxx(r) = pxx(O) for every T. 



1.6 General density matrix evolution for large drift times 

To verify that we have dephasing with an exponential decay of the off diagonal elements we need 
further simplify the result (1.22) by analyzing its behavior for appropriately large evolution times. To 
this end we start from the following identity 

dt / dt'g{t -t') = — dt dt' / duj g{cu)e'^^'-''^ 
Jo 27r Jo Jo J-oo 



— I dug[u) 



sin(wT/2) 
Zjj2 



(1.23) 



where g{uj) denotes the Fourier transform of the function g{t). It is well known that the function in 
between brackets can be used to define the Dirac delta function through 



2txT 



sin(cur/2)' 
^V2 



r^oo 



It is then clear that, for an appropriately large evolution time, we have approximatively 



Pl PI POO 

dt dt'g{t -t')^T i duj g{ 

Jo Jo J-oo 



(1.24) 



where ^(0) is the Fourier transform of g evaluated at the frequency u = 0. To clarify what we mean 
by 'appropriately large evolution time', we re-write equation (1.23) as 



1 

2^ 



duj g{uj) 



sin(cjr/2) 
^V2 



^ '''~dx~g{2x/T) 



TT 



X 



where we defined the dimensionless variable x := uT/2. We now focus on the Fourier transform g{ij) 
and we consider a frequency interval [0, Au] in which g{uj) varies little and can thus be considered as 
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basically constant, in such a way that gi^uj) ^ g{0) for u G [0, Au]. Considering now that 




(1.25) 



and 

1 /•+' 

J -5 

we have the approximate result 

I />5(2./r, {^)' . rm i /> (5^^)^ r,(o,, 

provided that 

^<A^, (1.27) 

guaranteeing that the Fourier transform of the correlation function remains practically constant across 
the relevant integration interval. We have thus proven the approximate relation 

[ dt fdt'git - t') ^ ~giO)T, for T > (Aa;)"\ (1.28) 
^0 Jo 

This can now be used to simplify the equation (1.22) governing the evolution of the density matrix. 
We remark that for this result to hold the integrand function g{t — t') need not be an even function 
and the only requirement is that its Fourier transform is slowly varying over the interval [0, Acu]. 



sm X 

X 



0.94 



(1.26) 



1.6.1 Correlation time and characteristic function 

Equation (1.28) can now be used to evaluate the time integrals appearing in (1.22). This is done by 
identifying in one case g{t) := -R^(t) and in the other grr'it) ■= R{t + T)R{t + r'), where r and r' 
stand respectively for — k ■ Ax/c and — K ■ Ax/c, and where the normalized correlation function can 
be expressed, using the generalized WK theorem (1.12), as 

C(t) 1 f^" 

R{r) = ^ = TTTT^ / duju'Siu) cos(^r). (1.29) 

Notice that the integration frequency has a cutoff at = up/X, where the Planck frequency is 
Up := 2n/Tp = 1.166 x 10'^'' s~^. This is consistent with the fact that below the scale i = XLp the 
approximation of randomly fluctuating fields breaks down. In alternative this may simply correspond 
to the fact that the probing particle is insensitive to the short wavelengths as a result of its own finite 
resolution scale Lr. 



Correlation time 

Application of (1.28) to g{t) := R^{t) yields the resuk 

rT i-T 



f dt f dt'R^{t - t') = r,T, (1.30) 
Jo Jo 
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where the correlation time is defined as 

^ denoting Fourier transform. 

To see this we need to Fourier transform -R^(t) and evaluate its value for cu = 0. Explicitly we 
have: 



1 f°° 

'-'0 -'-oo 



1 



doj'du" / dtuj''^uj"^S{uj')S{uj")e~'^'co^uj'tcofiuj"t 



J " / Jj- '2 "2 o/ f\C/ —iujt/ iui't I —iu)'t\/ iu>"t , —iu>"t\ 

duj duo I dtuj uo b[uj )b[uj )e (e +e )[e +e ) 



Multiplying the exponential functions and integrating with respect to time we obtain 



^0 



oo 



d [R^{t)] (io) = } / / duo' duo" j dtuo'^uo"^S{uj')S{uo") 



-uj)t _|_ ^i{ui' -ui" -uj)t 



a;'+Lij"— a;)t _|_ ^i{—u)'~u)"—u))t 



TT 



2C2(27rc)6 



^0 



cu' + uo" — cu) + 5(— cu' — cu" — cu)] . 



From the last expression we see that 5" \Pc'\ (cu) = for |cu| > 2cUc. The value of the Fourier transform 
for cu = follows immediately from the properties of the b function. We have the sum of four integrals 
of which those containing (5(cu' + cu") and 5(— cu' — cu") vanish and we are left with the expression 



[^'] (0) = 7^27f^ / / dJdJ'J''J'^S{J)S[uo")8[uo' -J\ 

where we have taken into account that then integrals containing b{uo' — uo") and 5{—uo' + cu") yield 
the same contribution because of the exchange symmetry between the integration variables cu' and cu". 
Carrying on the remaining integration we have 

^[^'W](0) = Cp^| d^^'S^uo). (1.32) 



Using the explicit expression for the constant Co that is obtained from (1 .29) for r = 0, we obtain the 
result (1.31), from which it is clear that ^ [R^{t)\ (0) has indeed the dimension of a time. 
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Characteristic function 

We can also apply (1.28) to gTT'{t) '■= R{t + T)R{t + r'), where r and r' stand respectively for 
— k ■ Ax/c and — K ■ Ax/c. Writing 

1 /"°° 



duj'duj" 



dtu;'^u"^S{u')S{u")e-''''cos[u'{t + r)] cos[cu"(t + r')], 



and re-expressing the cosine functions through the exponential function, a calculation similar to the 
previous one shows that 5 [grr'] {^) = for \uj\ > 2ujc and yields the Fourier transform for = as 



d[R{t + T)R{t + T')]{0) 



TX 



duju) S {u) co?,[u{t — t')]. 



(1.33) 



C2(27rc)6 j. 

This expression reduces of course to (1.32) for r = r' = and it is thus convenient to re-write it as 

:S[R{t + T)R{t + r')](0) = nV[uj,{T - T% (1.34) 
where we defined the characteristic function T as 

duj uj^ S"^ {uj) cos{ijjt) 



j^^dujuj^S^ 



.UJ] 



(1.35) 



This is dimensionless and satisfies the following general properties: 

• T{uJct) = T{-uJct), 

• r(o) = 1, 

• r{uct) < 1, for t ^ 0, 

• T{uJct) — > 0, for t oo. 

Notice that both the correlation time t^: and the characteristic function T solely depend on the fluctu- 
ations power spectral density. We can now use equation (1.28) and have at once 

[ dt [ dt'R{t -t' + T)R{t -t' + t') = nT[io^{T - r')] T, (1.36) 
Jo Jo 

The results (1.30) and (1.36) can now be used in equation (1.22) to yield the neat result 



where 



Pxx'(^) = Pxx'(O) 



F(Ax) := 1 



1 - 



t9 



X F(Ax) 



167r2 



rfk / dk r[cUe(K - k) ■ Ax/c]. 



(1.37) 



(1.38) 



This equation is important and represents one of the main results of this chapter. It implies that de- 
phasing due to conformal fluctuations does indeed occur in general and independently of the precise 
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power spectrum characterizing the fluctuations. Without the need to evaluate the angular integrals, 
this follows from the properties of the characteristic function V. The fact that r[co'ct] < 1 implies 
< F(Ax) < 1 with (i) F(Ax = 0) = and (ii) F(Ax — > oo) = 1 as special limiting cases. As 
a consequence the diagonal elements are unaffected while the off-diagonal elements decay exponen- 
tially according to 



Pxx' (0) 



T 



X F(Ax) 



Pxx'(O), 



providing of course that T is small enough so that the change in the density matrix is small. Finally, 
if 6p := Pxx'(^) ~ Pxx'(O), we can define the dephasing as \5p/po\. Thanks to the property F(Ax — > 
oo) = 1, this converges for large spacial separations to the constant maximum value 



Sp 
Po 



^2 ■ 



(1.39) 



This result based on the present three-dimensional analysis of the conformal fluctuations can be 
compared to the analogue one-dimensional result that PP found in [23]. Using a gaussian correlation 
function from the outset they found 



6p 
Po 



ID 



where Tg stands for some characteristic correlation time of the fluctuations. Identifying approximately 
~ Tg, we have (32C|7r2)/(^7r/2) ^ 250, assuming C2 ~ 1. Thus the present three-dimensional 
analysis is seen to predict a dephasing two orders of magnitude larger than in the idealized one- 
dimensional case. 



1.6.2 A remark on the validity of the Dyson expansion 

We have found that the change in the density matrix is given by: 



6p 



Po 



Mc 



2\ 2 



In order for the expansion scheme to be effective, the propagation time T must be short enough 
to guarantee that \dp/po\ is small. How short depends of course on the statistical properties of the 
fluctuations, encoded in r*, and on the probing particle mass M. A fuUerene C70 molecule with 
(Afc7„ ~ 10^24 ]^g) gives Mc'^/h ^ 102^s~^. Therefore the approach is consistent only if the cor- 
relation time r*, the flight time T and field squared amplitude A^ are appropriately small. We will 
come back on this issue in Section 1.8.2, where it is shown that, in the case of vacuum fluctuations 
(introduced in the next section), it is ~ ATp and A^ ~ l/X^. For a flight time T ^ 1 ms, typical of 
interferometry experiments, this results in \6p/po\ ~ 10^/A~^. For any reasonable value of A > 10'^ 
the density matrix change is indeed small and the Dyson expansion scheme well posed up to second 
order. In Appendix B.4 we estimate the fourth order term in the expansion, which will also yield a 
term proportional to Aq. It will be shown that its contribution in fact vanishes under quite general 
circumstances. This puts the result (1.39) on an even stronger basis. 
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1.7 Explicit dephasing in the case of vacuum fluctuations 

The result (1.37) is quite general. The only ingredients entering the analysis so far have been: (i) a 
spacetime metric Qab = (1 + Ayrjab with \A\ = 0{e <C 1), (ii) a randomly fluctuating conformal 
field A satisfying the wave equation d^dcA = 0, and (iii) isotropic fluctuations characterized by an 
arbitrary power spectral density S{uj). The dephasing then occurs as a result of the nonlinearity in the 
effective potential V = Mc^[CiA + CaA^]. 

A particularly interesting case, potentially related to the possibility of detecting experimental signs 
of QG, is that in which the fluctuations in A are the manifestation, at the appropriate semiclassical 
scale i = XLp, of underlying vacuum quantum fluctuations close to the Planck scale. Strictly speak- 
ing the presence of the probing particle perturbs the genuine quantum vacuum state. For this reason 
it would be appropriate to talk of effective vacuum, i.e. up to the presence of the test particle. By 
its nature, the present semiclassical analysis cannot take into account the backreaction of the system 
on the environment. Therefore we simply assume that the modifications on the vacuum state can be 
neglected as long as the probing particle mass is not too large and the evolution time short. We thus 
model the effective vacuum properties of the conformal field A at the semiclassical scale on the basis 
of the properties that real vacuum is expected to possess at the same scale. It is a fact that vacuum 
looks the same to all inertial observers far from gravitational fields. In particular, its energy density 
content should be Lorentz invariant. This can obtained through an appropriate choice of the power 
spectrum S{uj). 

1.7.1 Isotropic power spectrum for vacuum conformal fluctuations 

According to the above discussion we expect the average properties of A above the scale £ to be 
Lorentz invariant. In particular, the interesting quantities derived in Appendix A 



should be invariant. As discussed in Appendix A, for a stationary, isotropic signal, the averages (■) 
can in fact be carried out through suitable spacetime integrations over an appropriate averaging scale 
L i.ln alternative they can be expressed as in the above integrals depending on the power spectrum 
and adopting a high energy cutoff set by A;a := 2ir/{XLp). 

The problem of the Lorentz invariance of the above quantities has been discussed in details by 
Boyer [53] within his random electrodynamics framework. He showed that the choice S oc l/u is 
unique in guaranteeing an energy spectrum g{uj) oc cu^, also shown to be the only possible choice for 
a Lorentz invariant energy spectrum of a massless field. In the present case we take 




(1.40) 




(1.41) 




(1.42) 



Sik): 



hG 1 



(1.43) 



The combination of the constants h, G and c gives the correct dimensions for a power spectrum (i.e. 
L^), while the factor 1/2 guarantees that the resulting energy density is equivalent to that resulting 
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from the superposition of zero-point contributions hw /2 -see Appendix (C)-. In particular this element 
makes the connection between the present stochastic approach and quantum theory. 

With this choice for the power spectrum the integrals (1 .41) and (1 .42) are indeed Lorentz invariant 
as they are related to the energy density of A. The same holds for the integral in (1.40) as d^k/u{k) is 
a Lorentz invariant measure [2]. A final important point, which should not be overlooked, is that these 
facts are true provided the cutoff kx is given by the same number for all inertial observers, as also 
discussed in details by Boyer. In other words this means that the critical length that sets the border line 
between the random field approach and the full QG regime is supposed to be the same for any inertial 
observer. It represents some kind of structural property of spacetime and not an observer dependent 
property. Accordingly it must not be transformed under Lorentz transformations. It is important to 
note that this requirement will naturally be satisfied later when we employ an effective cutoff set by 
the particle Compton length. 

Using (1 .43) the normalized correlation function can be found explicitly from the generalized WK 
theorem to be 



C-n 



(1.44) 



The peak of the autocorrelation function is linked to the fluctuations squared amplitude and gives 
explicitly: 

C„.A? = ^. (1.45) 

implying {A?) = 1/(2A)^. The correlation time and characteristic function follow from equations 
(1.31) and (1.35) as: 

n = ^ATp, (1.46) 



Figure 1.1: Plot of R^{t — t'). The dimensionless variable a is basically t — t' in units of the correlation time r» . It is 
seen that t t^, corresponds to the first of the secondary peaks. 





ujcj* ~ 47r/3 
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and 

3sm(a) 6cos(ff) 6 sm(a) 
1 [<y) = \ n 5 — , (1-47) 



where a = uj^t is a dimensionless variable. The plot of the squared normalized correlation function 
R^{t — t') is shown in figure 1.1: t — t' = corresponds to the first secondary peak in the curve, 
where the correlation in the fluctuations is reduced of ~ 70%. This fully motivates the choice of to 
represent the correlation time. 

The explicit form of the characteristic function can be used in (1.38) to evaluate the remaining 
angular integrals and find the detailed expression for the density matrix evolution valid for all (x, x'). 
Isotropy implies that the result must depend on |x — x'| only. For convenience we can choose the 
reference frame where a given Ax lies along the z axis. Then we can define the dimensionless 
variable a through c^cAx/c = cr z, so that 

cUc l^xl 27r lAxI 
a = ^ - = ^r^- (1-48) 

c i 

With this choice of reference frame the unit vectors k and K have components 

k = sin -i? cos (y9 X + sin -(9 sin y + cos^^z, (1-49) 

K = sin -t?' cos X + sin -t?' sin yj' y + cos^z (1.50) 

in such a way that 

cUck ■ Ax/c = cr cos "i?, (1-51) 

Uc K ■ Ax/c = cr cos 1^'. (1.52) 

Now we have, for example, Jdk = jd-d sinddip and since the integrand in (1.38) depends only on 
•d and tD' the integrations over Lp and Lp' are trivial and yield a factor Atx"^. Performing the change of 
variables 

m:=— cos-i?, m' := — cos??', (1.53) 
the integration is straightforward and yields the result: 

Za^ \ a / 

Substituting the results (1.45), (1.46), (1.47) and (1.54) into (1.37) yields the explicit resuh for the 
dephasing, valid for vacuum fluctuations described by S' oc 1/uj: 
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1 f MY f T\ /27r|x-x'| , 

xF^^ (1.55) 



3A3 \Mp \T, 



-p 



where we considered C2 ~ 1 and where 

Mp := = 2.176 X lO^^^kg = 1.310 x lO^^amu 

c^Tp V G 

is the Planck mass. The function F is plotted in figure 1.2. It enjoys the properties -F(O) = and 
F{a) — > 1 for a ^ 1, so that for |x — x'| > 10£ the decoherence rate converges rapidly to its 
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maximum value. 



1.8 Discussion 

1.8.1 Probing the particle resolution scale and effective dephasing 

Equation (1.55) gives the dephasing in the density matrix of a quantum particle propagating in space 
under the only action of a randomly fluctuating potential due to spacetime vacuum conformal fluc- 
tuations. The fact that it predicts an exponential decay of the off diagonal elements (which is the 
distinctive feature of quantum decoherence) is interesting as a further confirmation that certain effects 
involving quantum fluctuations can be mimicked by means of a semi-classical treatment in the spirit 
of Boyer [53,41]. 

A significant feature of our dephasing formula is the quadratic dependence on the probing particle 
mass M, which comes as a consequence of the underlying non linearity. The coefficient 1 / (3A^) 
sets the overall strength of the effect. It is proportional to Aq and to the fluctuations correlation time 
T^: the more intense the fluctuations, the larger the dephasing and the longer the various directional 
components stay correlated, the higher their ability to induce dephasing. We have found ^ ATp, 
in such a way that the correlation time directly depends on the spacetime intrinsic cutoff parameter 
A. According to this picture all the wavelength down to the cutoff i = \Lp should be able to affect 
the probing particle. However an atom or molecule is likely to possess its own resolution scale Lr. 
Thus, whenever t^c < L^, the ability of the fluctuations to affect the particle would be reduced, as 
they would effectively average out. To characterize this feature of the problem we write, in analogy 
toi = XLp, 

Lr := ArLp, 

and use Ar as a new, particle dependent, cutoff parameter. In general it is Ar, > A. The new effec- 
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tive correlation time is now given by ~ A^Tp. The distance traveled by the fluctuations during a 
correlation time is = ct^, = 2Lr/3. Thus the effective correlation distance basically corre- 
sponds to the particle resolution scale: short wavelengths that do not keep their correlation up to the 
scale average out and cannot affect the probing particle. The new, effective dephasing results by 
substituting A with Ar in (1.55): 

3 \L^) \Wp) yFp) V ; ■ 

1.8.2 Validity of the long drift time regime 

As discussed in Section 1.6, we recall that this result holds for 'long' drift times T, i.e. when T > 
(Aa;)^\ where Acj is an appropriate frequency range over which the Fourier transforms of B?{t) and 
R{t + T)R{t + t') vary little. We are now in the position to make this precise and define clearly the 
limits of applicability of the theory. To this end we consider the Fourier transform of R^{uJct): 

:S[R\uj,r)]{uj) = -:s[R\(y)]{uj/uj,), 

with R{a) given in (1.44). Its plot is displayed in figure 1.3. The spectrum falls to for > 2ujc. The 
value of the peak at = is precisely 47r/3, verifying that = ^[R?{ijJct)]{Q) = A7r/{3uJc). The 
smaller box shows a zoom of the plot in the region a E [0, 1/100]: the curve is slow varying in this 
range since ^[R^{lUct)]{0) = An/3 ^ 4.19 and ^[R'^{uJct)]{1/100) ^ 4.13. Similarly it is possible 
to check that the Fourier transform of R{a + rf)R{a + 77'), where the dimensionless parameters 77 and 
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r]' depend on space direction and locations as 77 := —coj^ ■ Ax/c and rj' := —UcK ■ Ax/c, enjoys a 
similar property: for every choice of t] and 77', the resulting Fourier transform is slow varying in the 
range a E [0, 1/100]. Following this discussion we choose Aa; ~ [0,a;c/100]. We can now quantify 
the concept of 'long drift time' by T > lOO/cJc. From cUc = 27r/ (ArTp) = 47r/(3r^,) this yields the 
condition 

T>25n. 



1.8.3 Some numerical estimates and outlook 

In summary we have studied the dephasing on a non-relativistic quantum particle induced by a con- 
formally modulated spacetime gab = (1 + ^)^'7afe, where A is a random scalar field satisfying the 
wave equation. The important case of vacuum fluctuations can be characterized by a suitable power 
spectrum S oc l/u. If Lr = ArLp is the probing particle resolution scale, the dephasing for 
|x — x'l ^ Lr converges rapidly to: 
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(1.56) 



The effective correlation time of the fluctuations is given by r* ^ ArTp. The above result holds for 
'long' drift times satisfying 

T > (10 - 102)ArTp. 

To conclude we want to give some numerical estimates of the dephasing that could be expected 
in a typical matter wave interferometry experiment, e.g. like those described in [32], where fuUerene 
molecules have been employed with drift times of the order of T =: Tex ~ 10"'^ s. Consider e.g. a 
C70 molecule with M = Afcro ~ 1-24 x 10"^'' kg. In comparison to the Planck units we have: 

Tex ~ 10'°Tp, Mc„, ^ 10-^^Mp. 

Thus, it is clear that the most critical factor controlling the strength of the effect is set by the probing 
particle mass, together with the effective resolution cutoff scale. Using these data in (1.56) we can 
estimate: 
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This could be used to estimate Ar if we were able to identify within an experiment a residual amount of 
dephasing that cannot be explained by other standard mechanisms (e.g. environmental decoherence, 
internal degrees of freedom). Figure 1.4 plots Ar against \5p/ pq\: a dephasing due to conformal 
fluctuations in the range 1% — 0.1% would imply a resolution parameter in the range Ar ~ 10^ — 
10^. This would represent a lower bound on Ar, as interferometry experiments will get more and 
more precise in measuring and modeling environmental decoherence. Estimating the present typical 
uncertainty of typical interferometry experiments as \5p/ pq\ ~ 0.01% we get 

AR>10^ for C70. 

We remark that such order of magnitudes estimates are consistent with a small change in the density 
matrix and the second order Dyson expansion approach. 

A value for Ar as small as 10^ would probably approach the intrinsic spacetime structural limit 
set by A, i.e. i = XL p. It is interesting to ask what amount of dephasing our model predicts, inde- 
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pendently of experimental data. To this end we need to prescribe theoretically the particle resolution 
scale Lr. Though no obvious choice exists, an interesting possibility would be to set it equal to the 
particle Compton length [57, 70], i.e. 

^ Mc 

This choice is obviously Lorentz invariant and also motivated by the fact that the Compton length 
represents a fundamental uncertainty in the position of a nonrelativistic quantum particle. Indeed, by 
the Heisenberg uncertainty principle. Ax ~ h/Mc would imply Ap > Mc, implying an uncertainty 
in the energy of the same order of the rest mass M (? . In such a situation QFT would become relevant. 
Alternatively it can also be argued that wavelengths shorter than h/Mc would have enough energy to 
create a particle of mass M from the vacuum. With this choice, equation (1.56) becomes 
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(1.57) 



This can be used to estimate the amount of dephasing induced by vacuum conformal fluctuations. 

In the case of C70 the Compton wavelength is ^ 10~^^m ^ lO^^Lp, corresponding to Ar ^ 10^^. 
For a propagation time of ^ 1 ms this gives a dephasing 
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which would be negligible and far beyond the possibility of experimental detection. Thus, in order 
to achieve dephasing within the current experimental accuracy, much heavier quantum particles are 
needed. In atomic mass units C70 has a mass Mc^,, ~ 10^ amu. Equation (1.57) applied to a particle 



Figure 1.4: Adimensional cutoff parameter as a function of the dephasing for a C70 molecule with a drift time of 10 ^ 
s. 
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with mass M f» 10^^ amu and with a drift time T ^ 100 ms gives the estimate: 

5p 



Po 



(lO^^amu, 100ms) ^ 10"^ 



A drift time of ~ 100 ms could possibly be achieved in a space based experiment. On the other hand, 
the need of a quantum particle as heavy as 10^^ amu poses an extraordinary challenge. A possibility 
would be to employ quantum entangles states. This is already being considered in the literature, e.g. 
in [64], where entangled atomic states are studied and suggested as a possible improved probe for 
future detection of spacetime induced dephasing. 

In relation to the issue of a possible future experimental detection of dephasing due to vacuum 
effects, it is important to note that even the vacuum fluctuations of the EM field can influence the 
fringe visibility of a neutral particle if this has a permanent electric or magnetic dipole moment [71]. 
The amount of decoherence due to this effect, e.g. in a typical interference experiment, is expected 
to depend quadratically on the dipole moment of the particle. FuUerene molecules such as C70 (or 
even the spherically shaped Ceo) have symmetric charges distributions and possess no permanent 
dipoles [72]. In this case no extra effect would be expected. Drugged versions of fuUerene where, 
e.g., Na or Li atoms are combined with Ceo to form heavier molecules such as NaigCeo or LiioCeo 
can possess a permanent electric dipole moment between ~ 10 and ~ 20 Debyes, depending on the 
number of drugging atoms [73]. While in this case some decoherence due to EM vacuum effects 
would be theoretically expected, the mass of such molecules is still far too low for any gravitational 
effect due to conformal fluctuations to be detectable. Only in the case of more complex and heavier 
quantum systems, e.g. gold clusters or entangled states, with a permanent dipole the two effects would 
theoretically both contribute to the overall dephasing. However the dephasing due to a permanent 
dipole moment is in general predicted to be typically of the order of the square of the typical dipole 
length in units of the total length of the trajectory [71]. In this sense, as the mass of the quantum 
probe is increased, we expect the gravitationally induced dephasing to represent the dominant effect. 

The last important point that needs verification is that the condition (1.4) given earlier at the 
beginning of this chapter is indeed verified: that was required in order for the change in momentum 
due to the fluctuations to be smaller than the laboratory particle momentum p = Mv. It read: e"^ ~ 
(A^) <^ iv/cf'. The field effective mean quadratic amplitude interacting with the particle is given by 
{A^) ~ Ar~^. Thus we have the condition: 

1 Lp V 
Ar c 

By using the expression for the Planck length and with Lr given by the particle Compton length, this 
yields a condition on the particle mass M: 

M V 
< 27r- 



Mp c 

For typical laboratory velocities v/c ^ 10^^ and, since Mp fa 10^^ amu, this condition is met for 
particle masses up to M ^ 10^^ amu, including the case of C70 molecules or the heavier entangled 
quantum states discussed above. This limit would be reduced for slower particles. 

We conclude by remarking that the theory described until now is quite general, in the sense that 
as a starting input it only needs a conformally modulated metric and a scalar field satisfying the wave 
equation. Of course, it is important to identify in concrete which theories of gravity can actually 
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yield such a scenario. This problem is central to this thesis and is be the object of the next three 
chapters: in Chapter 2 a general framework for the study of fluctuating fields close to the Planck 
scale is introduced and the resulting framework applied to standard GR in Chapter 3; in Chapter 4 we 
consider more general scenarios involving scalar-tensor theories of gravity. 



Chapter 2 

The nonlinear random gravity framework 



In this chapter we inti'oduce the nonUnear random gravity framework. Our goal is modeling 
some aspects of the low energy physics related to the spacetime metric and matter fields vacuum 
fluctuations. The approach extends conceptually Boyer's random electrodynamics to a theory of 
random geometry but has a somehow richer structure due to the nonlinearity originally inherent 
to GR. Essentially, Isaacson's perturbative approach over a curved background is applied to the 
problem of spacetime fluctuations by introducing randomly fluctuating solutions to the expansion 
equations. The fluctuations are supposed to mimic some vacuum effects related to zero point 
energy at an appropriate low energy scale. Isaacson's original approach is generalized in order to 
seek for solutions in which the physical metric may exhibit conformal fluctuations. The technique 
must be extended to second order nonlinearity in order to take into account the backreaction 
energy due to zero point GWs, as well as matter fields and conformal fluctuations. This reveals 
interesting connections to the well known cosmological constant problem. Finally the framework 
is applied to standai^d GR as a first attempt to identify a theory of gravity which may be compatible 
with the presence of conformal fluctuations. To this end, the relevant first and second order 
equations describing GWs and the vacuum backreaction on the spacetime metric within GR are 
derived. 



2.1 Seeking a physical basis for the conformal fluctuations 

We denote the spacetime physical metric by gab- This couples as usual to matter fields and determines 
the geodesies of small classical test particles. Conformal fluctuations can formally be included by 
writing the physical metric as: 



where is a conformal factor and 'jab will be referred to as the conformal metric. Denoting all matter 
fields collectively by the symbol ip and imposing Einstein's equation 



on the physical metric gab, yields a corresponding equation for the conformal metric. This reads [1]: 



gab = ^ lab, 



(2.1) 




(2.2) 




(2.3) 
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where we defined 

E^Jfi] := 2V,Vfelnfi - 2jat^'^V, Infi, (2.4) 
Kbi^] := -(2Valn(]Vblnfi + 7„feV"lnl]Vclnfi), (2.5) 



and where Va denotes here the covariant derivative of the conformal metric 'jab- By definition Ein- 
stein's equation is satisfied if and only if equation (2.3) is satisfied and if the physical and conformal 
metric are related by (2.1). 

The correct point of view to have regarding the problem of whether the physical metric truly 
has a conformal modulation is the following: we must think of the conformal metric 7^5 as having 
some concrete prescribed structure that does not depend upon O, which implies that (2.3) simply 
represents an equation constraining the conformal factor. In this sense equation (2.1) could be viewed 
as an ansatz solution for Einstein's equation. The problem of having a conformally modulated metric 
within standard GR thus effectively reduces to that of finding a suitable conformal metric such that 
the corresponding constraint equation for Vt can be satisfied. If the solution for Vt is compatible with 
a conformal factor of the form Vt = 1 + A with A being a randomly fluctuating field then we would 
have a concrete framework providing a basis for the results derived in Chapter 1. 

2.1.1 The simplest scenario: a conformally modulated universe 

The simplest (and most dramatically restrictive!) choice to constraint the conformal metric is 

lab ■=Vab- 

This is PP choice in [23]. In this case we have Va = da, Gab[v] = and the constraint equation for f2 
reads 

8vrTa,[^] + S^Jfi] + S^Jfi] = 0. (2.6) 

Moreover, in the simplified PP model all matter fields were neglected by simply putting Tab[^/^] = 0. 
Such an hypothetical universe containing only conformal fluctuations should then satisfy the equation: 

2 {dadb In - r]abd^dc In fi) - {2da In ndb In + 7]abd'' In ildc In fi) = 0. 

In the interesting case of conformal fluctuations we can write 1] = 1 + 5^1, where SVl is a small 
fluctuating modulation. Then by expanding Inl] ^ 1 + 6^1 — 5Vl? /2 we would have: 

2 {dadb5n - r]abd^dc6n) - {dadbdn'^ - 7]abd''dc6n^) - {2dadndb6n + 7]abd^5ndc5n) = 0. 

To linear order, the trace of the equation 

dadbdn - Vabd'^djn = (2.7) 

implies that the perturbation 6^1 should satisfy the wave equation, i.e. 

= 0, (2.8) 

where □ := d'^dc- This is of course what PP found. However their method employed the Hilbert action 
and completely overlooked upon the fact that, beyond (2.8) being satisfied, Einstein's equation then 
implies the very restrictive constraint dad^SVL = 0, as it follows from (2.7) once the wave equation is 
also taken on board. This constraint is too restrictive and it is hard to see how it could be compatible 
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with a fluctuating 6^. Beyond this PP model suffers from a further important problem: indeed the 
second order constraint equation — [dadh^Vt^ — rjabd^dc — {2da5ildb5il + r]abd'^5Vldc5Vt) = is 
quadratic and could not be satisfied except in the trivial case of 5VL = 0. In conclusion a metric of the 
form gab = (1 + 5^)^'7a6 seems to be incompatible with Einstein's equation. If we insist in wishing to 
include conformal fluctuations in the formalism we must seek a physical metric with a more general 
structure. 

2.1.2 The general basis for the model 

We will try to overcome the above difficulty by improving the model upon three points: 

1 . allow for the presence of GWs; this will correspond to a larger freedom in choosing the structure 

of 7afe, 

2. account for the presence of matter fields through Tab[ip]', this is physically relevant as, when 
studying vacuum, matter fields contribution should not be neglected, 

3. in agreement with the nonlinear structure of GR, allow for a nonlinear correction to the con- 
formal factor by writing Q = 1 + A + B, where \A\ = 0{e ^ 1) and \B\ = 0{e'^), with 
e < 1. 

To implement these points we need to develop a framework allowing to model some of the properties 
inherent to vacuum in a coherent way. In the next sections we discuss the main features of the 
random gravity framework. This was first introduced in [46], where the main goal was to show that 
the inclusion of conformal fluctuations could offer a mechanism for a solution of the cosmological 
constant problem [45]. This idea could seem at first sight plausible if we look at the quadratic part of 
the effective stress-energy tensor (2.5) due to the conformal factor: this has a negative definite kinetic 
term and one might expect that it could serve as a compensating factor to reduce or cancel the large 
and positive vacuum energy density due to the matter fields and GWs. Even in the case 7af, = rfab, the 
constraint equation (2.6) seems to motivate this idea. This is also hinted by the canonical analysis of 
general relativity [17]. In particular the analysis performed by Wang in [62, 63] led to arguing in [36] 
that hypothetical quanta related to the conformal fluctuations could offer a way to compensate for the 
vacuum energy associated to GWs. This also was the result in [46]. Unfortunately, as we will show 
at the end of this chapter, that conclusion was invalid due to the fact that the nonlinear backreaction 
affect on the spacetime metric due to the conformal fluctuations was not accounted for properly. 

Before going into details we need to discuss in the next section some points related to vacuum and 
the cosmological constant problem. 

2.2 Vacuum and some related problems 

The nature and properties of vacuum are not fully understood yet [74, 75, 76, 77, 78, 79, 80, 81]. A 
reasonably clear definition of vacuum exists within QFT for quantum fields on a flat, non-dynamical, 
Minkowski background. A satisfying theory of quantum fields propagating on an assigned curved 
background geometry can also be given [9]. In this case the notion of vacuum state is much more 
subtle, essentially because a generally curved geometry lacks the notion of a global inertial observer, 
with respect to whom vacuum is usually defined when no gravitational fields are present. As it is well 
known, even in standard QFT, the ground state vacuum energy receives a contribution from the zero 
point energies of an infinite amount of harmonic oscillators. This results in a formally infinite amount 
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of vacuum zero point energy unless some high energy cutoff is applied. Even with a reasonable cutoff, 
it has been suggested that the resulting large energy density would lead either to a rapid expansion of 
the universe as discussed by Weinberg [82] or to a drastic collapse of spacetime as noticed by Pauli 
[78, 79]. Since there is no obvious sign of such a catastrophic breakdown in the spacetime that we 
can practically observe, this rises the issue of the reality of the zero point energy. In this respect it 
is important to note that vacuum fluctuations of the electromagnetic field have long received support 
from experiments. These include the Casimir effect [83, 84, 85], Lamb shift of atomic energy levels 
[86, 87] and spontaneous emission from atoms [88, 89, 90]. The fundamental fluctuation-dissipation 
theorem [91] provides a further basis for the vacuum fluctuations, manifested as superconductive 
current noise in the Josephson junctions [92, 93, 94]. Even so, elements of doubt still surround the 
physical reality of the quantum vacuum. Some argue that e.g. the Casimir effect could be explained 
without the vacuum energy [95]. Laboratory measurements of vacuum fluctuations can at best detect 
differences in the vacuum energy by modifying their boundary conditions [96]. 

Beyond these considerations, a further important issue related to vacuum energy is that of its 
backreaction upon the spacetime geometry; i.e. whether vacuum gravitates. It is generally believed 
that if vacuum energy is real, then it must gravitate in accordance with GR, and that only through the 
resulting gravity the net vacuum energy could be determined. Recently, it has been shown that the part 
of vacuum energy responsible for the Casimir effect does indeed gravitate [97]. However, the grav- 
itational consequence of the total vacuum energy remains controversial [98, 99, 100, 101]. Because 
of the observed Lorentz invariance of vacuum at low energies, after any appropriate regularization, 
the vacuum energy is expected to couple to Einstein's equation via an effective cosmological constant 
only through a pure trace term of the kind —Agab- There is a common perception that an exceedingly 
large cosmological constant would built up from all ground states up to the Planck energy density 
scale [82]. While a sizable cosmological constant could have driven the cosmic inflation in the early 
universe, observations indicate its present value to be just under the critical density value [102, 45]. 
This discrepancy between the observed value of the cosmological constant and the contribution that 
one would expect from QFT constitutes part of what is known in the literature as the cosmological 
constant problem [103]. 

Despite the early suggested link between the vacuum energy of elementary particles and the cos- 
mological constant by Zel'dovich [104], a detailed mechanism is still lacking. This motivates the 
"dark energy" models such as the quintessence fields and their extensions [82, 45]. Leaving aside 
the original mysterious cancelation of the huge vacuum energy, these models indeed offer arguably 
the most popular current approach to the "cosmological constant problem". Nevertheless, efforts to 
account for the observed cosmic acceleration using cosmological perturbation back-reaction without 
resorting to dark energy are also being made. The need for a better understanding of nonlinear metric 
perturbations [105] and QG effects [106] is clearly highlighted by the recent progress in this direction. 

2.3 Nonlinear random gravity 

Our point of view here is that spacetime metric fluctuations are also in fact an integral part of the 
quantum vacuum. Thus it could be plausible that an attempt to disentangle these difficulties should 
take them on board. However, a fundamental difficulty to studying these effects is the absence of 
a consistent quantum theory of gravity with an appropriate classical limit. Recently, progress has 
been made using the stochastic gravity approach [107, 108, 109, 110]. This generalizes the previous 
semiclassical approach where gravity is coupled to the expectation value of quantum matter fields 
stress energy tensor. The stochastic gravity approach attempts to take on board the fluctuations of the 
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stress energy tensor around its average. By means of suitable statistical considerations, the features 
of the quantum fluctuations are 'translated' into a suitable fluctuating classical, effective tensor that 
acts back as a source on the spacetime metric, thus inducing a stochastic metric perturbation. The 
approach is very interesting and it has been applied to the interesting case of the perturbations induced 
by an arbitrarily coupled scalar field upon Minkowski geometry [108]. This study has shown that 
Minkowski spacetime is stable upon perturbations. Moreover the induced metric perturbations have 
been found to be correlated only very close to the Planck scale, in such a way that matter fields tend 
in fact to suppress the short-scale perturbations for larger scales. Though undoubtedly a very sound 
theory, the stochastic gravity approach totally ignores the issue of zero point energy. In fact this is 
done by regularizing from the outset the matter fields stress energy tensor in such a way that, in the 
vacuum state, it is (Tq^ [?/;]) = 0. Various techniques exist to do this on a curved background, as it 
is discussed in detail by Wald [9]. Without going here into these complexities it is enough to say 
that, in the case of a flat background, these correspond to the usual practise of normal ordering, by 
virtue of which all zero point energies are in fact ignored. It follows that if these are believed to be 
real and a source of gravity, then the stochastic gravity approach is not suitable in its present form. 
Another important consideration regards the fact that the stochastic gravity approach accounts for 
the backreaction on the spacetime geometry due to matter fields only. To our knowledge, possible 
backreaction effects due to the self energy of GWs have not been investigated yet. 

In order to account for zero point energy and GWs, our approach is somehow minimal: we seek 
to analyze some aspects related to vacuum at an appropriate energy regime, in between the Planck 
scale and those characterizing the observed classical world; we also wish to incorporate conformal 
fluctuations explicitly and to account for the backreaction due to GWs zero point energy. The purpose 
of this approach is thus twofold: (i) investigating whether conformal fluctuations of the physical 
metric can provide a vacuum energy balance mechanism that may help in relation to the riddle of the 
cosmological constant problem; (ii) provide a coherent framework that may provide a sound physical 
basis for the material presented in Chapter 1 . 



2.3.1 Stochastic geometry 

It is generally agreed that, independently of the true underlying QG theory, spacetime structure at 
very small scales should 'lose' its usual classical appearance [13]. This is true in particular within 
the two main approaches to QG mentioned in the introduction: String Theory and LQG. In the first 
case the quantum behavior of spacetime is inherent in the presence within the theory of a particular 
excitation describing the graviton, while one of the main results of the loop quantization program 
is the discrete, quantized nature of the geometry (lengths, areas, volumes) close to the Planck scale. 
This is characterized by the fundamental units, introduced by Planck back in 1899: 
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S, 



2.17 X 10"* kg ^ 1.22 X 10'" GeV. 

The successful QG theory will have to provide a coherent way to describe how the classical spacetime 
structure to be described in terms of a smooth Lorentz manifold can emerge from the microphysics at 
the Planck scale. Even though it is not known exactly at which scale the 'turbulent' quantum nature 
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of spacetime gives in to yield a classical structure, it is fair to state that the assumption of a smooth 
regular manifold holds down to, at least, the subnuclear scale, i.e. ~ 10"^^ m. In fact it is likely to 
hold down to much shorter scales as it is implied e.g. by the fact that when studying gluon-quarks 
states within QCD, gravity effects can still be ignored. The natural realm of QG effects lies much 
further away at the bottom and it is still directly inaccessible: even the LHC, with its expected center 
of mass collision energy of ~ 10 TeV, is still not even remotely close to the Planck energy of 10^^ 
GeV. 

It is commonly believed that, between the Planck scale and what we could call the minimal clas- 
sical scale, there must exist an intermediate regime in which spacetime begins to acquire a classical 
character, though still inheriting features from the underlying quantum regime [23, 36]. The usual as- 
sumption is that these features are manifest as a stochastic behavior of the spacetime geometry. This 
will also be our point of view. In a nutshell this sums up to the expectation that some of the properties 
of quantum spacetime can be modeled, at an appropriate low energy scale, by employing a suitable 
stochastic approach. 

That classical stochastic fields can be used to model and reproduce various quantum effects related 
to the electromagnetic field is well known, e.g. from the work of Boyer [53, 41, 111, 112]. In 
his theory of Random Electrodynamics (RED) he showed that a large variety of quantum results 
can be obtained through the classical Maxwell equation supplemented by suitable random boundary 
conditions. This had already been pointed out by Welton [86]. These can be applied to obtain a 
classical yet fluctuating solution of Maxwell equations, whose statistical properties can be chosen in 
order to match those of the true underlying zero point quantum field in such a way to correspond to a 
Lorentz invariant spectrum. Specifically, it was shown in [111] that QED and RED yield equivalent 
results for the A^-points correlation functions of free EM fields and also, e.g., for some (but not all!) 
expectation values of an oscillator at zero temperature. Beyond Boyer's work, this kind of classical 
stochastic behavior has also been advocated by other authors in relation to vacuum related phenomena 
[113, 114]. York championed a novel gravitational analogue in which black hole entropy and radiance 
are derived from quasinormal mode metric fluctuations [115]. These fluctuations are prescribed by a 
classical Vaidya geometry satisfying the Einstein's equation with amplitudes set to the quantum zero 
point level. An improved quantum treatment of the problem using path integral is recently provided 
in [116]. 

Even though we maintain the view that that quantum theory has a deeper motivation and truth than 
a classical theory supplemented by boundary conditions, the work of Boyer shows that, in certain 
regimes, one may use the alternative classical theory to mimic some quantum related behaviors of 
the system under study. Following these considerations we wish to apply this idea to the interesting 
problem of spacetime close to the Planck scale. The assumption we make is that this approach should 
allow us to model some low energy effects due to vacuum metric fluctuations and assess their effect 
on classical spacetime and other systems at a larger scale. 

In this respect a key ingredient we require from the framework is that it allows to implement 
the passage from the stochastic scale to the classical scale: in other words that it offers a way to 
recover the smooth classical spacetime. The general idea is to use a perturbation approach and employ 
suitably defined averaging procedures. Effectively we shall generalize the classic framework due to 
Isaacson [43, 44] for a theory of metric perturbations over a curved background, including explicitly 
the conformal fluctuations and applying it to the specific case of vacuum. It was shown by Isaacson 
that a spacetime averaging procedure allows indeed to treat coherently the backreaction affect due to 
the local energy content of high frequency GWs, whose effective stress energy tensor then resembles 
that of a massless spin-2 radiation fluid. As Isaacson work is central to the material developed below, 
it is reviewed in some details in Appendix D. 
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2.3.2 Definition of tlie relevant scales 

We consider the microscopic structure of spacetime at a scale £ := \Lp, where Lp ^ 10^^^ m is 
the Planck scale and where the dimensionless parameter satisfies A > 1. As discussed in Chapter 1, 
it sets the benchmark between the full QG domain and a semiclassical domain, in which spacetime 
properties still inherit traces of the underlying QG physics, though being expected to be treatable by 
semiclassical means. 

Even in empty spacetime the vacuum energy of matter fields is still a source of gravity. Therefore 
we consider Einstein's equation for the physical metric gab 

Gab[g] = S7rTat[iJ,gl (2.9) 

where Tab will be a model stress -energy tensor describing the overall vacuum energy contributions 
coming from all matter fields, collectively denoted by The metric gab and the matter fields 4' are 
considered to be randomly fluctuating at the scale i. Accordingly we shall refer to £ as to the random 
scale and interpret it as the typical scale above which quantum vacuum properties can approximately 
be described by means of classical stochastic fields. Below ^ and closer to the Planck scale a full 
theory of quantum spacetime is required. 

We are considering here vacuum metric fluctuations in an otherwise empty universe. These can 
in practice be assigned as random perturbations about some background metric g^^ which we will 
assume to be set up in an autoconsistent way by the backreaction effect due to vacuum energy. In the 
following calculations we work locally and with respect to a physical inertial laboratory frame, whose 
typical scale Li^b is much larger than the random scale, yet small enough for the background metric to 
be smooth and slow varying in an appropriate coordinate system. We then expect the vacuum metric 
to be described by an expansion of the kind 

9a, = 9lb + 9^2+9''a^ + ---. (2.10) 

where the g^^ indicate small fluctuating terms. Here and henceforth we follow the standard notation 
where a superscript denotes an n-\h order perturbation with reference made to some small param- 
eter e <^ 1. In the subsequent expansion of field equations, the matter fields i}) will be treated as first 
order quantities. The classical equation (2.9) will be analyzed explicitly for the first and second order 
metric perturbations, and suitable Boyer's type fluctuating boundary conditions will be imposed. De- 
rived physical quantities, e.g. the Einstein tensor, are fluctuating as a result of the fluctuating metric. 

Of course vacuum is Lorentz invariant when viewed at some appropriate macroscopic classical 
scale, in which case we usually speak of empty space. As a result, the only way it can possibly con- 
tribute to the Einstein equation is through an effective cosmological constant term. Lorentz invariance 
also implies that vacuum statistical properties must be the same regardless of space position and di- 
rection, i.e. homogeneity and isotropy hold in a statistical sense. In order to include these properties 
into our formalism we want to recover classical and smooth quantities from the fluctuating fields. 
This can be obtained as a result of an averaging process. To this end we follow the spacetime averag- 
ing procedure described in [44, 117] and reviewed in Appendix D, so that fluctuating tensors average 
to tensors. This process involves a spacetime averaging over regions whose typical dimensions are 
large in comparison to the fluctuations typical wavelengths but smaller than the scale over which the 
background geometry changes significantly. Accordingly we introduce an averaging classical scale 
C such that f < £ < Liab- 

While keeping in mind that we are here only considering 'apparently' empty spacetime, a fi- 
nal comment about the involved physical scales is in order. The following hierarchy holds, with 
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Lp < i <^ C <^ Liab- The precise characterization of the classical scale C is that of the smallest scale 
at which classical, locally Lorentz invariant spacetime starts to emerge as a result of the averaging 
process. Though much larger than i, the classical scale C is still expected to be very small in compar- 
ison to the laboratory scale (Table 2.1). The limits of the presently suggested theory are thus clearly 
set: (i) below the random scale the random fields approximation breaks down and a full QG theory 
would be needed; (ii) spacetime starts to be smooth and classical when viewed at the classical scale 
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Classical 


Laboratory 


Order of 










magn. (m) 
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> 10-35 
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Classical 


Classical 
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gravity 


gravity 
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Table 2. 1 : A guide to relevant physical scales. 



2.3.3 Matter fields stress energy tensor 

In order to have a more precise idea of how the random gravity framework can be applied it is useful 
to have a closer look at the matter fields stress energy tensor Tab[ip]- This carries contributions from 
all sectors of the Standard Model. At this stage we adopt a minimal approach by neglecting the non- 
gravitational interactions between various matter fields components. Then Tab = Xlj ^it'*' where the 

index j runs over all matter fields and where T'^^^ represents the stress energy tensor describing the 
7-th matter field as if it was free. 

The detailed microscopic expression of the generic component T^^' will depend quadratically 
upon the corresponding matter field, as well as on the random metric gab = g^b + 9ab- ^ result 
the stress energy tensor at the random scale £ is a also a stochastic quantity. The dependence on the 
9ah would account for the coupling between gravity fluctuations and matter fields. However, as long 
as we work up to second order, only the smooth background g^i^ will appear. We will argue in Section 
2.6 that the background can be considered Minkowski to a good approximation. In this sense it is 
like having a collection of free fluctuating fields on a Minkowski background and the effect of gravity 
upon the stress energy tensor would only appear as a third order effect. 

The corresponding energy density contribution can be defined at the classical scale £ in a statisti- 
cal sense through a spacetime averaging procedure. Provided the high frequency components are cut 
off at the random scale ^ = \Lp, the average will be well defined and finite. Then the quantity {Tab) 
will represent a macroscopic stress-energy tensor at the classical scale C An idea of how this can be 
done is given in Appendix C, where for simplicity we model each of the matter fields independent 
degrees of freedom by a Klein-Gordon scalar field. Using the generic notation for such a degree of 
freedom, the microscopic structure of the stress energy tensor is then given by the familiar expression 

1 f TTl^C^ \ 

T^^[<P] = Mb - 7;Vab 0>c + -^<P' . (2.1 1) 
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We show in Appendix A that, under the assumption that is a zero mean, stationary stochastic 
process, spacetime averages like e.g. {{d^cjyf') can be expressed equivalently as an integral of the 
power spectral density S{uj) with an high energy cutoff set at the random scale i. Then we have e.g. 

((•9*0) ') = 77T^ I d^kulS^ik). (2.12) 



(2vr)3 ^ 

The average of the stress energy tensor is found to be given by 

(T,f > = , (2.13) 

and can be calculated if a power spectrum is assigned. In particular the energy density is given by 

P = (Too) = ^( W) ') = / ^S^^k). (2.14) 

The key point to describe zero point vacuum energy is that, in the same way as it was done by 
Boyer, we can link the random field approach to the quantum properties of vacuum by requiring that 
the energy density (2.14) matches the zero point energy for a scalar quantum field in its ground state, 
i.e. we impose 

1 /" .Q, hujk 



where in the r.h.s. the contributions from all normal modes of (p are included. As found by Boyer for 
the EM field, this implies that the power spectrum must have the following simple form: 

Sm = 7^- (2.16) 

Because of homogeneity and isotropy holding at the classical scale and assuming the stochastic prop- 
erties of the fluctuations in different spacetime directions to be uncorrelated, the averaged matter fields 
stress energy tensor will take the perfect fluid form 



(Tab) = 
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p I 



(2.17) 



where p := (Too) is the energy density and p := \ {T\), i = 1, 2, 3 is the pressure. The dominant 
energy condition, i.e. p > and p > p, is normally thought to be valid for all known reasonable 
forms of matter [118], at least as long as the adiabatic speed of sound dp/ dp is less than the speed of 
light. This is true for massless fields since, in this case, p = 3p. By assuming the vacuum spectral 
density (2.16), we show in Appendix C that the stronger condition p > 3p is satisfied by massive 
fields in their vacuum state, at least in the ideal case in which interactions can be neglected and the 
field masses are much smaller than the Planck mass. 

To assess p and P we use the results (C.17) and (C.18) derived in Appendix C and providing an 
estimate of the zero point energy and pressure p^ for one scalar field of mass m: 

" - "''' + ^(^] (2.18) 
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and 



ttVp Pp 



3A4 12A2 V M, 



m 



(2.19) 



Describing each independent component of the Standard Model matter fields as a simple scalar field 
and neglecting fields interactions we can obtain an estimate of the zero point energy and pressure by 
simply summing up the contributions from all individual components. Indicating with Ni the number 
of independent components of the particular field having mass nii we thus obtain: 



P 



Nn'^pp Npp [ M 



A4 



+ 



4A2 



Mr 



(2.20) 



where := A^^ is the total number of independent components for all matter fields and where we 
defined 



2 ._ 



N 



(2.21) 



i.e. the weighted average of the squared masses of all matter fields. Notice that for indices i corre- 
sponding to massless fields it is mj = 0. The pressure is found to be 



P 



Nti'^Pp Npi 



12A2 \M, 



M 



(2.22) 



These expressions are valid when M <^ Mp, which is certainly the case within the standard model 
since it is expected M ^10^ GeV. 

To separate the contributions of the massless and massive fields it is useful to perform a trace 
decomposition in (2.17). We have 
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(2.23) 



where 



Pi: ■= -jip + P) 



Nti^Pp 
A4 



+ PM, 



(2.24) 



is the energy density of the traceless part and where the trace part is defined in terms of 

2 



pM ■■= ^(p-3p) 



Npp ( M 



(2.25) 



We remark that the trace part corresponds to a cosmological constant term, where the cosmological 
constant would be defined by 

Am := -^PM- (2.26) 



Defining the Planck cosmological constant as 

Ap :-- 



8ttG 



(2.27) 
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we find 



N / M ^'^ 



Thus we see that only the massive fields are expected to contribute to the cosmological constant 
through their zero point energy and the trace part of the matter stress energy tensor. On the other hand 
this also presents a traceless contribution p^, which is even more important than pj\j. Indeed 

Pm ( M V 

OC i-TTT ^ 1' (2.29) 



P; VMp/A 

where the inequality holds within the Standard Model, with M ^ 10^ GeV, and for any realistic value 
of the cutoff parameter A. 

Summarizing, the effect of vacuum zero point energy is two fold: (1) the averaged stress energy 
tensor (Tat [?/;]) would contribute to the overall background geometry curvature while (2) the fluctu- 
ations defined by Tabf^/'] — {Tab[^]) would further induce extra metric fluctuations. We notice that 
it is this second element only that is accounted for, though via a different technique, in the stochas- 
tic gravity approach. We will discuss some issues related the stress energy tensor average and the 
cosmological constant in Section 2.6. 

The next step is to include GWs backreaction and the conformal fluctuations into the analysis. To 
this end it is natural to perform an expansion of Einstein's equation, as we start to illustrate in the next 
section. 



2.4 Characterizing vacuum at the random scale 

In this section we start applying the nonlinear random gravity framework to standard GR while trying 
to incorporate conformal fluctuations. To this end we want to seek for a solution of Einstein's equation 
Gab [g] = SnTab [ip] at the random scale where the vacuum spacetime physical metric gab takes the form 

gab = ^'^lab, (2.30) 

where jab is a conformal metric and a conformal factor. As already discussed above this could 
make sense if we succeed in imposing some structure on the conformal metric 'jab in such a way that 
it is not depending on fi. 

A preliminary formal structure can be imposed on the conformal metric by splitting it into a 
smooth, slow varying background with superimposed fast varying perturbations according to 

lab = ll + U + lS! + Oie'), (2.31) 

where £ ^ 1 is a small dimensionless parameter. The perturbations and background typical variations 
scales are supposed to be set respectively by the random scale i = XLp and by some macroscopic 
scale L ^ C, where C is the classical scale (see Table 2.1). As to their typical magnitudes we assume: 

17^.1=0(1), \U\=0{e), |7i?|=0(52). 



The conformal fluctuations are formally inserted by expressing the conformal factor as 

n=l + A + B + 0{e^), (2.32) 
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where 

\A\=0{e), \B\ = 0{e^). 

In particular, A will be referred to as the conformal field and will be later on characterized as a zero 
mean and stationary stochastic process, i.e. 

{A) = 0, {daA) = 0, (A^) = const. 

Imposing Einstein's equation Gab[g] = SnTablip] yields: 

Gab b] = SnTab m + Kb M + Kb m , (2.33) 

where 

E'jn] := 2VaVblnf] - 27,6 V^Ve Infi, (2.34) 

S^Jfi] := -(2ValnfiVblnfi + 7„feV"lnfiVclnn). (2.35) 

As explained in Section 2.1 this can be viewed as an equation constraining the conformal factor if 
the conformal metric can somehow be specified. In our attempt to implement this concretely we will 
tackle equation (2.33) perturbatively, basically extending Isaacson's framework for small perturba- 
tions over a curved background [43, 44] to allow for the presence of conformal fluctuations. 

If we succeed, the intuitive picture of vacuum spacetime that would emerge is that of a smooth 
manifold presenting, at the random scale i, metric perturbations due to random stretchings of the scale 
and GWs. In addition there will be higher order metric perturbations due to all sorts of backreaction 
effects. A key point is that such a scenario should be autoconsistent: i.e. we are supposing that the 
background geometry is precisely set up by the contributions due to all vacuum components. We 
remark thus how, in this sense, Isaacson's framework provides an ideal basis for our model. Since all 
these perturbations are small, the physical metric is expected to be also expandable as 

9ab = 9ab + hab + 9^aJ + 0{e'), (2.36) 
with background, linear and higher order perturbations orders of magnitude characterized by 

\9l\=0il), \Kb\ = Oie), \g^2^\=0{e'). 

Before embarking into the expansion scheme we now establish some algebraic constraints relating 
the physical and conformal metric perturbations that will be useful later on. By putting together 
equations (2.30), (2.31) and (2.32), retaining terms up to second order and comparing with (2.36) we 
obtain: 

i)ab labi 

hab = U + 2Agl, (2.37) 

9S!=l!S+^AU + 2Bgl + A'gl. 

In particular the relation g^^^ = shows that we just need introduce a single background geometry. 
In the following we will use the notation g^^^. 
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2.5 Setting up the expansion scheme 

We assume that all first order perturbations hab, ^ab and A are fast varying with typical variation scale 
i = \Lp set by the random scale. Moreover the smooth slow varying background is characterized 
by the typical variation scale L ^ £. By the observed local properties of vacuum spacetime it is in 
fact fair to assume that L > Liab. In this sense, using the laboratory macroscopic scale as a reference, 
we will consider from now on L = 0(1). 

The matter fields in their vacuum state are indicated collectively by also assumed to be a first 
order quantity varying on the typical scale i, i.e. l^pl = 0(e). The stress energy tensor Tab is has a 
quadratic structure T ~ d^/jd^jj, which yields the order of magnitude estimate: 

T[tlj] = Oie^f). (2.38) 

As it shown in Appendix D, the effective backreaction energy due to GWs will also be of order 
{e/iy. On the other hand the typical background curvature will be of order [dg^Y ~ As it 

will be shown shortly, even the A dependent terms formally contribute to the backreaction energy 
with terms of order {s/(.Y. Then the autoconsistent framework, in which by definition all of the 
background curvature is produced by vacuum components, is characterized by the condition: 

In particular, using L = 0(1), this gives the estimate 

Ta^m = 0(1). (2.39) 



2.5.1 Einstein tensor expansion 

In expanding equation (2.33) we start by the Einstein tensor term Gab [7]. More details of how this is 
done are given in Appendix D. Expanding the Ricci tensor Rab[l] gives: 

Rabig'' + ^ + 7^^)] = m + [^] + [7^^^] + R?^ [^] + (2.40) 

where Rf^ [g^] is the Ricci tensor of the background metric and where the linear operator R^^jj [ ■ ] 

and nonlinear operator i?^^^ [ ■ ] are given explicitly by equations (D.42) and (D.43). The term R^ab~^ 
represents higher order contributions. As done in Appendix D, by using the information 0(e) = 0{i), 
we have the order of magnitude estimates: 

1/^^ = 0(1), (2.41) 

Rabl^] - /^'^'e ~ e/f = 0(1/6), (2.42) 
^i;^[7^^)] - ~ e'/f = 0(1), (2.43) 

~ ~ e^f = o(i), (2.44) 

together with = 0(e). 
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The expansion of the Einstein tensor follows as 

Ga,[l] = + gjl^iq+ gjl^h^^^] + G^^[^] + Gjf [q +Gjr^, (2.45) 

Oil) 0(l/e) 0{1) Oie) 

where 

G^h9']--=R^^[9'']-l9lR'%'l (2.46) 
is the background metric Einstein tensor. Moreover the linear tensor G^^ defined as 

G'i;V]:=i?itV]-^^?aW^[-], (2.47) 
and the quadratic tensors G^^^ and G^^^^ by 

G?^[-]:=R^^[-]-l9lR'%], (2.48) 

Gif [e] := l9WR^J[Q - IUR^'\Q- (2.49) 

2.5.2 Terms dependent on the conformal factor 

To implement the expansion scheme we must also expand the terms that depend on the conformal 
factor. These are given in (2.4) and (2.5) as 

El, [Q] = 2VaVb In - 2-fabWc In Q, (2.50) 

= -(2ValnfiVbln(] + 7„bV"lnfiVclnfi). (2.51) 

The covariant derivative of the conformal metric appears. When the conformal metric is expressed as 
in (2.31) its Christoffel symbol can be expanded up to linear order in the perturbation as [119]: 

= r^V + 5rv[e] + o(£2), (2.52) 

where T^"'bc is the Christoffel symbol of the background metric and the first order correction (5r"ftc[^] 
is given by 

5r\, := ^g"""' {V%b + VUdc - , (2.53) 

Vj^ being the covariant derivative operator associated to the background metric. If L = 0(1) is the 
typical variation scale of the background geometry we have the orders of magnitudes: 

T^\, = 0(1), 5T\,[^] = 0{e/£). 

The covariant derivatives in (2.50) and (2.51) act upon In H, which must also be expanded up to 
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second order. Using Q = 1 + A + B gives 

\nn = \n{l + A + B)=A + B + 0{e^). (2.54) 

Since we are dealing with scalar functions we have e.g. 

where i is the typical variation scale of the fluctuations. 

The term S^j, [Q] being already quadratic in In gives a single contribution quadratic in A which 
is found immediately to be 

[A] ■= - {^dMA + glg'^^'dMA) = Oie'/f). (2.56) 

Here the suffix stands for 'the second order terms of . This notation will be used from now on, 
e.g. the suffix ("^ will indicate 'the n-th order terms of for some given quantity whose expansion we 
are considering. 

This is useful for the term since it will yield both a linear and a quadratic contribution, 

which we will denote by T}}^^ [Q] and E^f ^ [fi] . To find these we have to consider 

V„Vfclnfi = Va[dbA + daB - ]^d,A^ + ©(^V^)]. 

This gives: 

VaVfc In = WadbA + WadbB - i VaSfeA^ + 0(eV£2) 

= {dad,A - V\,dA) + {dad,B - V\,d,B) - i {dad,A^ - V\,d,A^) + 0{e^/e). 
Using equation (2.52) we have 

V^Vftlnfi = [dad,A - {T''\, + 5T\,[i]) d,A] + [dad.B - [V''^, + 5T\,[i]) d,B] 

- \ {d,d,A^ - [V''^, + bV\,\i\) dA^\ + 0{e^ie). {2.51) 

The typical order of these terms are: 

ddA = 0{e/t), T^dA = 0{e/l), <5rM = 0(eVf ), (2.58) 

ddB = 0{eyf), T'^dB = 0{e'/i), 5TdB = 0{e^ /f), (2.59) 

ddA^ = 0{e^/^''), V'dA^ = 0{e^|^), dVdA^ = 0{e^/^^). (2.60) 

Using (2.57), '^'^ = g^'^'^ — E,"'^ + 0{e'^), and collecting equal order terms according to the above 
estimates, the term (2.50) is easily found to give the linear contribution 

[A] := 2dad,A - 2gl,g'''''d,ddA = 0(1/ e) (2.61) 
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and the nonlinear contribution 



Eif [A, B] := T}2^ [B] - {d,d,A' - gV'd^daA') + S,,[A, = 0(1), (2.62) 
where Sab[A, ^] is defined by 



ccZ-. 



+ 2glC%ddA - 2Ug^'"'dcddA = 0(1). (2.63) 

2.5.3 The expansion vacuum equations on a curved background 

We have found that the random scale Einstein's equation for the conformal metric up to second order 
in the perturbations has the structure: 

0(1) 0(l/e) 0(1) 0(1) 0(l/e) 0(1) 

(2.64) 

where we neglected terms of order 0{e). 

We can finally write down the expansion equations. To highest order we can collect all terms of 
order 0(l/£:) -equations (2.45), (2.61)- to get 

G^2\i] = ^"}M^ (2.65) 

governing the propagation of the linear first order perturbation ^ab upon the curved background g^^. 
Note that this enters the equation in the r.h.s. and through the linear operator G'^^^ defined in (2.47). 

Similarly, we can collect all terms of order 0(1) -equations (2.38), (2.45), (2.56), (2.62)- to get 
the nonlinear backreaction equation for the background geometry as: 



+ G«[7^^)] = ^^T^M - G^hi] - GTm - {^dMA + glg''%Ad,A] 

+ - (dadbA' - glg^'^'d^daA') + S,b[A,^], (2.66) 

where Sab[A, ^] is given in (2.63). 

These equations must be solved simultaneously and generalize Isaacson's equations to the case 
where conformal fluctuations described byr2=l + A + 5are included. 

2.6 Considerations on the cosmological constant problem 

The above equations are very general and are based upon an arbitrary smooth background geometry. 
By taking the average in (2.66) we obtain the equation for the background as: 

= (svrTi?^ - 0i?[e] - Olf )[^] - (2dMA + glg^^^'dMA) + S^blA^]) , (2.67) 
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where we have used (6**^°^) = (t^^"*) = 0, {A^) = const, (B) = and the fact that the averaging 
procedure commutes with linear differential operators such as G^^jj [119]. This equation establishes 
the overall, large scale effect of zero point energy on the background spacetime geometry. It is a well 
known fact that observed vacuum, which we can alternatively call apparently empty space, is locally 
Lorentz invariant. This implies that it must be: 

where Arg denotes an effective cosmological constant induced at the classical scale by the combined 
effect of matter fields, GWs and, possibly, conformal fluctuations. The corresponding energy density 
due to vacuum behavior at the random scale would be 

RG c^Arg 

rvacuum ■ o ' 

where for clarity we have re-inserted the constants G and c. 

Now, if we denote by Pvacuum ^he hypothetical true theoretical amount of vacuum energy due 
to matter fields and QG effects, we reasonably expect Pvacuum ^ PvacLm- This is because the random 
gravity framework provides a mean to model zero point energies down to the random scale i but is not 
expected to model vacuum phenomena that happen closer to the Planck scale or other contributions to 
vacuum energy such as those due to phase transitions in the electro-weak sector or non linear effects 
typical of QCD. It is well known that theoretical estimates of pvacuum made within QFT yield a result 
which is of many order of magnitudes larger than what we expect from observations. This discrepancy 
between theoretical expectations and observations represents one of the main aspects of the so called 
cosmological constant problem. In his brilliant review Carroll [45] points out how, taking into account 
all possible contributions to vacuum energy (scalar fields, ZPE, QCD and EW effects), one finds in 
fact the planckian value p^acLm ~ Pp^ where pp ^ 10^^ GeV/L^ is the Planck energy density. On the 
other hand the current estimated amount of observed vacuum energy in the present epoch universe is 
[45] 

P™m - 5 X 10-1^ J m-3 ^ 10-i^Vp- (2.68) 

This value is deduced from the observed large scale properties of the universe, including the approx- 
imatively flat geometry, as suggested by CMB anisotropics [120], and the present, small, cosmic 
acceleration indicated by type la supemovae observations [121]. Defining the Planck cosmological 
constant as 

Ap := ^Pp, (2.69) 
then (2.68) implies the following observational constraint on the present epoch cosmological constant 

< A"'''^ < lO^^^^Ap. (2.70) 

The upper bound is extremely small, especially in comparison to the QFT theoretical expectations 
usually reported in the literature. Because of this dramatic discrepancy it is commonly believed 
that either vacuum energy makes a case on its own in that it does not gravitate or, more likely, that 
there must exist some sort of balancing mechanism. Such a mechanism is to date unknown. Some 
possibilities include supersymmetry, extra scalar fields, dark energy models such as quintessence [45] 
or new symmetry principles such as invariance of the gravitational lagrangian under shift by a constant 
[122]. 
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2.6.1 Choice of the background geometry 

It had been one of the original goal of the present work, as discussed in [46], to verify whether 
conformal fluctuations could offer a mean to obtain such a balancing mechanism. That this cannot be 
the case will be shown in the forthcoming sections. For the moment we also recall how the effective 
averaged stress energy tensor due to matter fields alone in their vacuum state is predicted by the 
random gravity framework to be 
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pMVab- (2.71) 



The contribution to the effective cosmological constant coming from the standard model matter fields 
corresponds to the energy density pM = (^) ' gi'^^'^ equation (2.25). In comparison to 
the usual asserted planckian value, this is reduced by a factor {M/MpY ^ 10"'^^. The suggested 
link between vacuum related cosmological constant and mass is interesting but we will not further 
investigate this issue in the present work. Rather we notice another interesting point, somehow rarely 
mentioned in the literature, but remarked e.g. by Padmanabhan in [122]. As equation (2.71) shows 
explicitly, only matter fields whose stress energy tensor has a non vanishing trace are expected to 
contribute to the cosmological constant. On the other hand massless fields such as the EM field and 
in general all other forms of matter with a traceless component in their stress energy tensor should 
contribute to vacuum through a term which, beyond attaining a large planckian value, is not locally 
Lorentz invariant. Since such a contribution is obviously not observed the vacuum energy problem ap- 
pears to be enriched: beyond a mechanism for canceling the contribution to the cosmological constant 
one appears to need some mechanism to also balance this traceless contribution. 

These problems are all very interesting. However providing a deep analysis goes beyond the scope 
of the present thesis. The approach we will maintain at this point is a pragmatic one. Since what we 
are really interested in here is whether we can find a solution of Einstein's equation which presents 
conformal fluctuations at the random scale, we will simply assume that the theoretical framework can 
in principle be made general enough to conform to the observational bounds. Thus we assume: 

RG < obs ~ c; V in~ll T 

r vacuum ~ r vacuum ~ ^ ^ j iii 

This corresponds to the assumption that the hypothetical missing ingredient that can (and hopefully 
will) provide the energy balance mechanism is actually thought to be included within the collection of 
matter fields i}). An interesting alternative which we will investigate later on is whether the conformal 
fluctuations A can actually represent the missing ingredient. 

To conclude this discussion, we have quite a strong bound on the magnitude of the averaged stress 
energy tensor that we expect to obtain from the random scale physics. The limiting value is so close 
to zero that many authors believe it is natural that the actual bulk contribution of vacuum to the large 
scale energy density is actually exactly zero. In this respect, the other and non trivial aspect of the 
cosmological constant problem is to find a mechanism that yields an almost, but not quite vanishing, 
value of the cosmological constant. The problem is all the more relevant since in terms of the critical 
cosmological energy density, the cosmological constant contribution is roughly 70%. Leaving this 
aspect of the problem aside our point of view here will be the simplest: i.e. the missing theoretical 
ingredient to the vacuum energy can provide an exact balance at every macroscopic scale. In any case 
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we can reasonably expect that, at the laboratory scale Liab, we should have 

{8nT^\^] - - Gif [e] - {2dMA + glg^^^'dMA) + S,,[A, = 0. (2.72) 

As a result, a natural choice for the background geometry that neglects secular evolution on long 
time scales and appears to be a good approximation in line with observations is a flat Minkowski 
background geometry, i.e. we put 

9ab ■■= Vat. (2.73) 

2.6.2 Simplified form of the expansion equations 

With this choice of the background geometry, the perturbation equations (2.65) and (2.66) simplify a 
lot. Indeed we now have 

rnc = 0, g^''' = v''\ Vl = da, Gi?W = 0, (2.74) 

and we can use rjat to rise and lower indices without ambiguity. Equations (2.53) and (2.63) now read 
respectively: 

^r%c[e] = Iv'"' (dcU + dbU - d^iihc) , (2.75) 

and 

SaAA. i\ = -26T\,[^]d,A + 2r]abr]'''6T%4^]deA + 27]abe%ddA - 2Ud'd,A. (2.76) 
We can now re- write the first and second order equations as 

Cll^ [e] = ^dadtA - 2r]abd'd,A, (2.77) 

and 

Gil^b^'^] = STTTif [^] - Gf^l^] - G^pl^] - i2dMA + Vabd'^Ad^A) 

+ i2dadbB - 2r]abd'dcB) - {dadbA^ - Vabd^d^A^) + Sab[A, . (2.78) 

These are to be considered together with (2.75) and (2.76) and are compatible with the condition 
(2.72). Notice that Tj^^^[ip] is quadratic in and contains otherwise just the Minkowski tensor rjab- 
The same is true for the expressions (2.47), (2.48), (2.49) defining G^^fj and G^^p, which now 
all contain rjab- The algebraic constraints (2.37) now read 

hab = ^ab + 2Ar]ab, 

(2.79) 

aS! = lab + 2^ U + 2Br,ab + A^ r]ab. 

Equations (2.77) and (2.78) are the starting point of the next chapter, where we can finally provide 
the answer to the question of whether conformal fluctuations can play any role within standard GR. 



Chapter 3 

GR and conformal fluctuations 



In this chapter we study the perturbation equations derived in the previous chapter following the 
application of the random gravity framework to standard GR. An attempt is made to build explicit 
solutions in which the physical metric presents true conformal fluctuations. A secondary but 
equally important goal is to assess whether conformal fluctuations can offer a balancing mech- 
anism that may cancel part of the large vacuum energy related to matter fields and GWs, as it 
was recently claimed in [46], and previously in [36]. We show that a technical imprecision af- 
fected the conclusion in [46] : in particular, the nonlinear backreaction effect due to the conformal 
fluctuations was not treated properly. When this is fixed for, the correct second order equations 
show that no vacuum energy balance in fact occurs. What is more, we show quite in general that 
conformal fluctuations cannot have any physical effect within the standard GR framework: the 
attempt to build a vacuum solution where the physical metric has a true conformal modulation 
leads to unphysical conditions for the conformal field. If GR is the correct theory of gravitation 
down to at least the random scale, the main conclusion is that dephasing of a quantum particle due 
to gravity related conformal fluctuations is not expected to occur. 



3.1 Analysis of the linear equation and GWs 

We now proceed to study the perturbation equations derived in the previous chapter. We start the 
analysis from the linear equation (2.77) 

Gil^fe] = 2dad,A - 2r]abd'd,A, (3.1) 

which will allow us to introduce GWs. The linear operator G^^,j is given by 

G'l?[e]=^i?[e]-^^a.i?(^ne], (3.2) 
where the linear part of the Ricci tensor is 

Rab [e] = Id^'dbU + Id'da^bc - ^d^^d^U - ^dM- (3.3) 
Equation (3.1) can be re-written in a very simple form. By using equations (3.2) and (3.3) it is 
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straightforward to verify that 

gI;) [-2Ari\ = 2dadbA - 2r]abd'd, A. (3.4) 

From (2.79) we know that ^ab + ^Arjab = hab, i.e. the first order perturbation of the physical metric 
Qab- Since G^^ ^ linear operator, equation (3.1) can be written in an equivalent way as 

GW[^ + 2Ar/]^Gi;^[/.]=0. (3.5) 

This is precisely the linear equation which would result if the expansion scheme had been applied 
directly to Einstein's equation expressed in terms of gab- At first order we thus have two equivalent 
equations: 

G^ai [^] = ^ [i] = 2dad,A - 2r]abd'd, A, (3.6) 

and one algebraic constraint 

hab = ^ab + 'iArjab, (3.7) 

linking the physical metric and conformal metric linear perturbations hab and ^ab- 

The key point now is to decide how to represent the GWs. We introduce the notation to 
indicate GWs, i.e. a metric perturbation satisfying the linear equation G^^^lh'^^] = 0. The above 
equations seem to suggest the obvious choice h^^ := hab- This choice was also made in [46] and we 
will explore its consequences below. We point out however that one could also, at least formally, set 
^a* '■— ^ab by imposing G^^,j[^] = 0. This would provide an example of what we mean by forcing 
a structure on the conformal metric. It would imply the constraint dadbA — rjabd^dc A = on the 
conformal field. This choice would lead to an alternative formalism in which the conformal 4-metric 
encodes GWs and it will be explored further in 3.5.3. 

We now proceed in studying the scenario in which the physical metric linear perturbation hab de- 
scribes GWs. In practise this is achieved by choosing a solution for the homogeneous linear equation 
G^ab [h] = 0' to which we apply fluctuating boundary conditions as explained by Boyer in the case of 
the zero point classical fluctuations of the EM field [41]. It is also convenient to put the perturbation 
in the TT gauge, as this will slightly simplify some formulas later. Then vacuum fluctuations due to 
GWs are represented by: 

h'^b ■■= hab- (3.8) 

From now on the notation h^ indicates a concrete fluctuating, TT gauge, solution of the homoge- 
neous linearized Einstein's equation. Concretely and coherently with the properties of vacuum as 
described in the previous chapter, h^ would have to be given by a superposition of random phase 
waves traveling in all space directions and having suitable statistical properties that should be yield- 
ing a homogeneous, isotropic and Lorentz invariant character to all averaged quantities we may derive 
from h*^ . In the following this is understood but we won't need to make these properties formally 
explicit. 

The conformal metric linear perturbation now follows from the general constraint (3.7) as 

U = h"^^ - 2A7]ab, (3.9) 

in such a way that the equation 

G^b [e] = -G'ai! [2Ar]ab] = 2dadbA - 2r]abd'dc A (3.10) 
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is automatically satisfied. Notice that, at this stage, A is still completely unconstrained and could be 
anything at all. We can exploit this freedom by demanding that the conformal fluctuations satisfy a 
simple homogeneous wave equation 

d'd,A = 0. (3.11) 

This equation should be solved next employing Boyer's random boundary conditions. As a result, 
hereafter, the fluctuations in A must be considered as being concretely assigned. As a reminder of this 
fact, in the following we will use the notation A, where the little tilde indicates an explicit fluctuating 
solution. The conformal metric linear perturbation is now completely determined and given explicitly 
by 

U = h';^^ -2Ar]ab. (3.12) 

By construction this satisfies 

G^^[^] = 2dad,A. (3.13) 
Contracting the identity da{AdbA) = daAdbA + AdadbA and using the wave equation we get 

d'^iAd.A) =d'AdcA, (3.14) 

implying the important condition 

(^d^AdcA^=0. (3.15) 

Since the solutions h'^^ and A are deduced in totally independent ways, they are statistically uncor- 
related, i.e. 

{hZA..) = 0, (3-16) 

where , . . . denote arbitrary derivatives. 



3.2 Analysis of the second order equation 

The second order equation is central to the random gravity framework as it describes how matter fields 
ijj, GWs given by h^^ and conformal fluctuations A build up the background spacetime curvature 
through their energy content. As discussed in the previous chapter, it is our assumption that if all the 
ingredients entering the matter fields symbol tp were known and explicitly included, then it would 
be possible to 'see' concretely how the overall backreaction energy at the classical scale due to zero 
point energy is basically vanishing, in agreement with observations. Thanks to this assumption it was 
possible to select a flat Minkowski background. Our two main objectives at this point are: 

1 . verifying whether it is possible to find a vacuum solution where the physical metric gab depends 
nonlinearly on the conformal fluctuations, e.g. through a term like A'^rjab which, according to 
the analysis in chapter 1 would induce dephasing; 

2. in relation to the issue of zero point vacuum energy balance, verifying whether the conformal 
fluctuations A themselves can actually provide the (or one) ingredient for a total (or partial) 
balancing mechanism. 
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The second order equation for the nonlinear conformal 4-metric perturbation 7^^"^ with a source 
term depending on ^, A and h^^ is given in (2.78) as: 

G^hl'-'^] = 8^Ti?M - - G%'\^] - (2dMA + Vatd^Adj) 

+ {2dadbB - 2r/,fe9'=9,5) - (dad,A^ - Vabd'd.A^) + Sab[A, e], (3.17) 

where Sab[A, ^] is defined in (2.76). The quadratic part of the Einstein tensor is defined by 

G^^l]:=R?^l]-lvabR^\], (3.18) 

with 

- \ m)dcU - {d.C' - \ d%)d^aiby. (3.19) 
Substituting the first order solution (3.12) into (3.17) we have 

G^2\-'^Br] + AW + SaAK h""^ - 2ir/], (3.20) 

where we have used (3.4) to re-express the terms depending on B and more compactly. Symboli- 
cally, the r.h.s. will have the following structure: 

r.h.s. ~ {dA){dA) + (9/i°*)(9/i°'^) + {di)f + (9ia/i°*). (3.21) 

The average of the cross terms {dAdYfi^) will vanish thanks to property (3.16). On the other hand 
the three quadratic contributions will describe, in order, the backreaction energy due to conformal 
fluctuations, GWs and matter fields (possibly including the relevant unknown exotic components that 
provide the energy balance). To proceed we must thus evaluate each term in equation (3.20) explicitly. 

(i) Analysis of the term -Cf/ - 2ir/]: 

From the general expression (2.49) with g^-^ = rjab we have 

-Gif - 2Av] = \ {h^^ - 2A^^,) - \vab [h^^'' - 2Ar) 

Using the fact that R^2 [ ' ] ^ linear operator we have 

= - ^l?[2iry] = -R^h^Ar^] 
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since h^^ satisfies the linear GWs equation, equivalent to i?^),^ [/i*^*] = 0. Exploiting this we find 



2 {AvatR^'^[Av] - AvatV^'R^^iAv]) + f ^a./^^*''/?^ [ir/] - h^^" R^'HM 



The first bracketed term is zero since rj we see that only a cross term of 

the kind dAdh^^ survives. Because of the statistical property (h!^ — 0' '^he average of such 

a term will vanish, in such way that it cannot affect the large scale vacuum energy balance. However 
its fluctuations will induce extra fluctuations on the spacetime geometry and it is thus useful for later 
purposes to make it explicit. We can now use the expression (3.3) to find, in any gauge: 

^11^ [H = -dadi,A - ^Vabd'dJ, (3.22) 

implying 

R^^^Ar]] = -^d'dcA. (3.23) 

Using these we get the general result 

-Glf ) [e] = Sh^^d'^d.A - - h'^'^Vabd^d^A. (3.24) 

We exploit now the fact that the GWs perturbation h^^ is in the TT gauge, i.e. its components in the 
laboratory reference frame satisfy: 

;,GW ^,.^GW ^ Q. ^GW ^ Q. 5,;^GW ^ q (3 25) 

The expression (3.24) now simplifies to 

-Gif ^ [e] = Sh^I'd'd.A - T^abh''^"'d,ddA. (3.26) 
Using the wave equation for A this reduces to 

-GT [e] = -r/a./^°^''9,9,i, (3.27) 
which is valid in an arbitrary gauge. 

(ii) Analysis of the term Sab[A, h^^ - 2Ari]: 

From equation (2.76) we have explicitly 

Sab = -rt" {p^ibd + d^U - ddU) dcA + iiabTi^'r^'f [dd^cf + d,i,j - djU) deA 

- 2Ud'd,A + 2r/,,e''9rf9eA. (3.28) 

Using ^ab = — 2Ariab to eliminate ^ab, we get a series of terms involving cross products h^^A, 
whose corresponding average will vanish, plus terms quadratic in A. Explicitly and in an arbitrary 
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gauge we find: 



+2h'i^d'dcA - 2rjabh'''^'''dddeA 
Exploiting the TT gauge properties we have 

Sab[A, /i^*] =idMA + 2r],bd'AdJ 

Using the wave equation for A this simplifies to 

S^blA, /i^*] =idaAdkA + 2r]abd''AdJ 



(3.29) 



(3.30) 



(3.31) 



(iii) Analysis of the term -G^J [/i^* - 2A7]]: 

The analysis of this term is relatively straightforward but particularly lengthy due to the nonlinear 

(2) 

structure of the operator [ ■ ] . This is where the error in [46] was made. 
More explicitly, the structure of this nonlinear term is: 

-Gl? [/.^^ - 2Ar^] = -Gl? [2Ar^] - G^^ [Z.^^] + [dAdh^'^U.^ , (3.32) 

where the symbolic notation [dAdh'^'^]Q(2) stands for the collection of all the cross term involving 
A and h^^ that will result and will be analyzed in details in Section 3.4. This term has a zero 
average and, again, it cannot affect the net amount of large scale vacuum energy. We recall now 
that h'^^ satisfies the linearized Einstein's equation G^],^[/i*^*] = 0. Then, Isaacson's general results 
summarized in Appendix D guarantee that the averaged quantity {—G^^jj [h'^^]) is given by equations 
(D.64) and (D.65) as 

= (^^Vahd'^bh'"' - \VahVji - ^V,/i^'^V(, . (3.33) 

Isaacson showed that this is (\) gauge invariant, (2) positive definite and, for given by an arbitrary 
superposition of plane waves, it is also seen to be (3) traceless. Because of these reasons it can 
represent the GWs stress energy tensor. When considering the averaged second order equation this 
contributes, together with the other standard matter fields in ip, to build up a positive, large, zero point 
vacuum energy. 

The mistake in [46] came about as follows: there, the expression (3.33) was used to evaluate the 
averaged quantity {—G'f^\^Ari\). The result was —6 l^daAdbAJ- When this is added to the other 

contributions from all other terms quadratic in A, the net result was that a negative definite, traceless, 
effective tensor quadratic in A given by —{AdadhA — rjabd^dcA) appeared on the r.h.s. of averaged 
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second order Einstein's equation. By suitably adjusting the statistical amplitude of the fluctuations 
in A this was then used to cancel out the positive vacuum energy contribution coming from GWs 
plus the massless matter fields in ijj. Unfortunately the flaw in the above reasoning is that, in fact, the 

(2) ~ 

expression (3.33) cannot be used to evaluate {—G\^ \lAri\). As explained in detail in Appendix D at 

{'2) 

page 133, the reason for this is that (3.33) holds only when the general operator [■] is acting on 
a perturbation satisfying itself the linearized Einstein's equation. However, in the problem we are 
Studying, the perturbation upon which G\f^ is acting on is 2A'q. This does not satisfy the linearized 
equation and it is instead 

gI;^ [-2Ari\ = 2dad,A - 27],,d'd, A = 2dad,A ^ 0. (3.34) 

('2) ~ 

From these considerations it follow that we must calculate —G\^ [2^??] exactly and before any 
average is done, using the full expression of the nonlinear operator G\fl . To do this we estimate first 
R^^^[lArj\ starting from equation (3.19) and find: 

i?2)[2ir/] = AAdad,A + QdMA + 2AT^ai>d'd,A. 

After finding the trace i?^^) [2Ari\ = 12 Ad^d^A + 6d^AdcA we get 

G^^[2Av] ^ i?i?[2ir^] - ^r7,,i?(^) [2ir/] 

= AAdadbA + GdaAdbA - AAr^abd'd.A - 'ir^abd' Ad,A. (3.35) 

This can be conveniently written as the sum of two contributions, one of which is just a total derivative 
and will have a zero average. Using the identity da{AdhA) = daAdbA + AdadbA and its contracted 
form we finally find 



-GiJpAr/] = -2daAdbA - 7]abd'AdcA - 4 daiAd^A) - T^abd\Ad,A) 



(3.36) 



where the terms in brackets have a vanishing average. Using the wave equation for A then d''{AdcA) = 

d^AdcA and it is 

-GiJ [2Ar]] = -2daAdbA + Srjabd'AdcA - Ada{AdbA). (3.37) 



3.3 Averaged second order equation and zero point energy bal- 
ance 



We are finally in the position to present the second order equation (3.20) in a more explicit form. This 
will allow to address the question of whether conformal fluctuations can function as a balancing agent 
for the large amount of zero point energy. By collecting together the results (3.24), (3.29), (3.32) and 
(3.36) we find 



(1)U,(2)1 



.(2)r 



" ab 



G^^^' [-2Br] + A'r]] + terms {dAdh 



1 

8^ 



^(2)[/,OW] 



+ 4 



T^abd'iAd.A) - da{AdbA) 



(3.38) 
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which, as long as we do not consider the explicit structure of the cross terms, is valid in any gauge. 
Taking the spacetime average these vanish thanks to the property (^h^^ = 0- All the other 

terms containing A or B are total derivatives. Their average also vanishes since all fluctuations are 
assumed to be stationary. Thus the averaged, classical scale equation is: 

G^\{l''^)] = 8n ((Tif + Trih^) , (3.39) 
where, as defined in Appendix D, the GWs stress energy tensor is 

Tr--=-l{G^,\h--]). (3.40) 

This is traceless and contributes together with other matter fields to build up vacuum energy at the 
classical scale. This results shows that conformal fluctuations cannot provide, within GR, a mecha- 
nism to obtain vacuum energy cancelation. This would seem to imply that either zero point energy 
is not real and it does not gravitate or else that there should be a insofar undiscovered hypothetical 
ingredient for cancelation. In this case, this would be thought to be included within the collection of 
matter fields ^. 



3.4 Equivalence of the physical and conformal metric formalisms 

We now come to the important matter of building an explicit microscopic solution for the spacetime 
physical metric. The formalism developed so far was based on the idea of choosing an ansatz metric 
gab = [^{A)]'^'jab first, on which Einstein's equation is imposed; secondly the perturbation scheme 

(2) 

is applied using 'jab = rjab + ^ab + Tab ■ We will refer to this procedure as to the Conformal Metric 
Scheme, i.e. impose ansatz solution first-expand second. An alternative procedure would be to expand 

(2) 

formally Einstein's equation in terms of the metric gab = rjab + hab + g^b first and after impose 

(2) 

the ansatz solution directly on the linear and second order perturbations hab and g\^ by using the 
expressions (2.79). We will refer to this procedure as to the Physical Metric Scheme, i.e. expand 
first-impose ansatz solution second. The analysis in Section 3.1 shows that these two procedures are 
totally equivalent at first order. This is implied by the result 

G^ab [^] = ^ G'^ai [^] = '^dadbA - 2r/„,9^9, A, (3.41) 

that holds together with the linear algebraic constraint 

hab = U + 2Ariab. (3.42) 

An important question now is whether the two procedures are in fact equivalent even to second 
order. We stress that this is not a priori obvious. Indeed, when carrying out the expansion scheme, it 
may well be that the strong nonlinearity inherent to Einstein's equation could lead in the two cases to 
physically inequivalent results. In fact this belief had been central to the work in [46]. Ironically, this 
had been fueled by the fact that the already cited mistake actually led to vacuum energy cancelation; 
a result which would have indeed been physically inequivalent to what one finds within the Physical 
Metric Schemel^ Contrary to our early expectations, we now show that the two procedures are in fact 



In this footnote we leave the pluralis maestatis aside to highlight some details regarding the historic development of 
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equivalent, even to second order. The fact that conformal fluctuations cannot provide a mechanism 
to balance vacuum energy at the large scale also depends heavily on this equivalence. 

This equivalence will simplify the structure of the second order equation in a very severe way: 
at the end of this section we will show that it is still possible, at least formally, to impose a suitable 
microscopic condition on the second order conformal fluctuations, in such a way that the physical 
metric seems to depend on however we will show how the constraint that must be imposed on A 
to achieve this is so strict that the solution must be ruled out as unphysical. The conclusion will be 
that standard GR does seem not to allow for the possibility of a conformally modulated metric that 
may in turn induce quantum dephasing. 

To see how this conclusion can be achieved let us see how the physical metric scheme would 

(2) 

work. We start from the physical metric gab = ^ab + hab + g^il and expand Einstein's equation 
Gab[g\ = 8vrTa{,[?/'] up to second order. This is a standard procedure and results in the two equations: 

Gil'|A)=0. (3.43) 

Gil'[s'^'l=8.(r«W-i-G2'w). (3.44) 

Next we bring in the information related to the conformal fluctuations, i.e. we use gab = + A + 
By 'Jab- This translates in the algebraic constraints: 

hab = U + '^Ar]ab, (3.45) 

£b = lab + 2^ea6 + 2B7^ab + A^T^ab, (3.46) 

which must now be substituted into equations (3.43) and (3.44) starting from first order. We will thus 
get two equations for the conformal 4-metric perturbations in the Physical Metric Scheme. 

In order to parallel the formalism developed above we need to solve, with Boyer's boundary 
conditions, equation (3.43) first. This simply gives 

hab = h"^^. (3.47) 

Then the constraint (3.45) yields again 

U = /^a* - "^AT^ab- (3.48) 

This completes the first order analysis which yields of course the same results as we found above with 
the Conformal Metric Scheme. 

To find the second order equation for 7^^^ we substitute the first order solution (3.47)-(3.48) and 
the constraint (3.46) into (3.44) to find: 

G«[7(^) + 2Ah--^ - 3A^^ + 2B^] = 8n (ri^f^] - ^^1? . 

this PhD work. Notwithstanding the plausible hints, it was towards the end of my first attempt to write up my PhD results 
that I came to look at the possibility that the two expansion schemes are physically inequivalent as suspicious. That was 
mainly because the identity of the two formalisms at linear order was so obvious and clear that I found surprising it would 
not hold at second order. I came to a point in which I believed there must be some error in the treatment of the second 
order terms in [46]. This effectively allowed me to spot the mistake described in the last part of section 3.2. This then 
quickly led to the results presented in the reminder of this chapter 
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This is better rearranged as 

Gi;)[7(^)] = 8n (Ti?[^] - l^G^^ih^-]^ +G^^[2A^v]- G^^[2Ah^^]- G^^[2Bv - A^v]- (3-49) 

By comparing with the previous result (3.38) we notice that the two equations have at least the same 
structure. The two equations (i.e. the two alternative schemes) are truly equivalent if it is true that 

Gii^ [2A^r]] = 4 [r]abd'{Ad,A) - da{Adi,A)] (3.50) 

and 

-Gli^[2A/i°*] = [terms . (3.51) 
We now show that these are in fact two identities. 

Verification for the term G^^^ [2A'^ri] : 

This is straightforward. We start by noting the identity 

4 [r]abd'{Ad,A) - d^dbA)] = 27]abd'd,A^ - 2dadkA\ 
Then, by simply looking at (3.34), we see immediately that 

G^2 [2^'^] = '^Vabd'd, A^ - 2dad,A\ (3.52) 
so that (3.50) is verified in an arbitrary gauge. 

Verification for the term -G^2 [2A/i°*] : 

This is more tricky as there are a lot of cross terms to check. For this reason it will simplify things a 
bit if we work with h'^ in the TT gauge. We start with the r.h.s. of (3.51), i.e. by putting together 
all the cross terms we found in the previous section. To have shorter formulas we will use here the 
notation h instead of h'^^ . Equations (3.26), (3.30), (3.32) yield 

[terms (M9/i^*)] = [?,habd'd,A - r^abh^'d.daA] 

- [d'^A {dahbd + dbhad - ddhab) + 2habd'd,A - 2r]abh'''dddeA] 

+ [dAdh]ai2), (3.53) 

where we recall that [dAdh]Q{2) indicates all the cross terms resulting from —G^^^ [/i*^* — 2Ari\. 

To find these we start from the expression (3.19) for R^^^ [■]. We act on — 2Ariab and collect 
all the cross terms. By using the TT gauge conditions, d^hab = 0, f]°'^hab = and the wave equation 
d^dchab = we find: 

Rabiha^ - '^^Vab] ^ da{h%d,A) - 8' AO, Kb + d^AObKa " 0' AOaKc " d'' AObKc 

- Vabh'^'dddcA + KadcdbA. 
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In evaluating the trace, many terms vanish because of the TT conditions. We have: 

Finally collecting all the cross terms in —G^^fj [h'^^ — 2Arj] = —R^^b + \VabR^'^^ yields 

[dAdh]ai2^ = - da{h%d,A) + d'^Ad.Kb - d^Ad.h^a + d'^AdM, + d'^Ad.Kc 
- h^dcdbA. 

Going now back to equation (3.53) and putting all terms together gives the neat result: 
[terms = habd'^d.A + r^abh'^'dddA + 2d,habd''A - da{h,i,d'A) - d.^h.ad'^A), (3.54) 

which should be compared to G''2[—2Ah]. This is very straightforward. Using (3.2) and (3.3) and 
the TT gauge conditions for hah we have 

0^2 [-2^^] = Kbd'd.A + r^akh'^'dddA + 2d,Kbd''A - daiK^d^A) - 9,(/i,,9^A). (3.55) 

We see that the r.h.s. is indeed the same as in (3.54). We have thus verified equation (3.51), at least in 
the TT gauge, i.e. it is indeed true that 

-Gii^[2A/i°*] = [terms {dAdh^^)] . (3.56) 

To summarize, this proves that the Conformal and Physical Metric Schemes are in fact equivalent 
procedures as they result in the same set of equations. Namely, in the case in which G^^^j [h] = is 
solved first and h*^^ = hab, we have by either procedure: 

G^2m = -G^2[^Mab] ^ Gi;)[/i°^] = 0, (3.57) 

and 

Gi;^[7^^^] = STTT^f [^, h^^] + Gi;)[3A^r^ - 2Br, - 2Ah'^^] ^ G«[^;(^)] = SyrT^f [^, h^^l 

(3.58) 

where 

T:f [^, := (ri? [^] - i-Gf,) (3.59) 

and 

= U + 2Ar,ab, (3.60) 

a^aH = lab + + 25r/,6 + A^r^ab- (3.61) 

In particular this implies that, when one tries to assess the overall amount of vacuum energy at the 
classical scale by taking the average of the second order equation(s), it is 

G'2[{i''')] = 8- {t:![^, h--]) ^ G«[(^(^)>] = Svr (T:f [^, h^^]) , (3.62) 

showing again that, if implemented as done so far, conformal fluctuations do not contribute to the net 
vacuum energy amount. Either the averaged physical or the conformal metric can serve to describe 
the large scale structure of vacuum spacetime. The two averaged metrics can be related as (7^^^) = 
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{g\J) + Crjab, where C can be an arbitrary constant. This is indeed compatible with (3.61) which 
shows that C = 3(^2). 

3.5 Are spontaneous conformal fluctuations compatible with GR? 

Although the two expansion schemes are formally equivalent and lead to no vacuum energy balance 
mechanism, the question remains to be addresses about which metric between gab and 7afe has a true 
dependence on at the microscopic level. Indeed all we know, in general, is that the constraint (3.61) 
must hold. Answering whether g^^^^ or rather 7^^^ really depends on is an important matter as this 
affects the theoretical occurrence of quantum dephasing. This is so because, within the standard GR 
framework we are analyzing now, a test particle couples to the physical metric gab- This must present 
a genuine dependence on A^ if the particle wave function is to suffer dephasing. As we discussed for 
the first order equation, the question now boils down to which equation is solved first in (3.58). If 
one solves first the equation on the right then the physical metric will not depend on A up to second 
order. In this case the conformal field A would just represent a formal device that has no physical 
effect at all. As anticipated earlier the key lies now in trying iofix the second order structure of the 
conformal metric in such a way that it does not contain any dependence. This would in turn induce 
a constraint on the conformal field A and its nonlinear correction B. If this constraint can be satisfied, 
then the algebraic constraint (3.61) would automatically imply that the physical metric would present 
a true nonlinear modulation A^i^at- We turn to this central issue in the next section. 

3.5.1 Attempt for a solution of the second order equation 

In order to implement these ideas a more detailed analysis of the second order equation for the con- 
formal metric nonlinear perturbation is required. This is in general composed of a smooth component 
i'y'ab) ^^'^ ^ randomly fluctuating component A'-f'^fj: 

7l? = (7l?) + A7l?. (3.63) 

Thus the second order equation gives rise to two separate equations. One determines the background 
geometry and can be found by averaging (3.58). It reads: 

G^hil^'^)] = Stt (r:f ^ gW[(^(^)>] = 8n (T:f /.^^]> , (3.64) 

from which one can calculate the smooth perturbation induced over the flat Minkowski. The second 
equation determines how the fluctuations in the effective stress energy tensor induce extra metric 
perturbations. It can be found by subtracting equation (3.64) from (3.58). It reads: 

Glt)[A7(^)] = 8n (r:f h^^] - <r:f h^^])) + G«[3A^r^ - 23^ - 2Ah^'-], (3.65) 
which is equivalent to 

G^Mg^'^] = Svr (T^f h^^] - (Tf . (3.66) 
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In both these equations it is 



KtVP. /^""] = (tI? m - ^Gi? [h^^ (3.67) 
<T:f[^, = (Ti?[^]\+Tr. (3.68) 



and 



Moreover 

h"^^ = U + 2Ar,a,, (3.69) 

+ ^g^^ = (7i?) + A7i? + 2Ah^^ + 2Sr/,, - 3A^ry,,. (3.70) 
As discussed in Section 2.6 we assume 

(T:f[^,/i°*]> = 0, (3.71) 

as implied by observations. The second order equations thus take the form: 

Gii^[(7(^^)] = ^ Git^[(^?^^^>]=0, (3.72) 
for the background correction, and 

G« [A7(^)] = MTlfi^, /.^*] + G« [SA^ry - 2i?r/ - 2^/.^ (3.73) 

equivalent to 

Gi;)[A<;(^)] = 8vrT:f[^,/.°^], (3.74) 

for the second order fluctuations. Equations (3.72) for the background correction imply that (7'-^^) 
(and {g^'^^)) could in general be given by any smooth GWs perturbation. Since we are focusing here 
on the random scale structure of vacuum only, we can make the simple choice (7''^'*) = (5'''^^) = 0. 

3.5.2 Second order constraint on the conformal field 

We now proceed to build explicitly a solution in which the physical metric seems to depend /orma/Zj 
on the conformal fluctuations. To this end we start from equation (3.73) and first re- write it as 

G« [A7(^) + 2Ah''^] = STTTf h^"^] + Gi? [3A'v - 2Br,] . (3.75) 

The main idea now is that 7^^^ would not depend on if we could somehow manage to impose the 
condition 

Gi;)[3A2ry-2fir/] =0. (3.76) 
From equation (3.4) this reads explicitly 

G^2[^A^V - "^Bt]] = riabd'd, {?>A^ - 2B) - dad^iSA'' - 2B) = 0. (3.77) 
Thus it is satisfied provided that 

dadf,B = had^A^ (3.78) 
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As it had to be expected, this shows that the hope to be able to build a solution where the physical 
metric contains a true physical dependence on the conformal fluctuations is doomed to failure. Indeed 
we have two options to satisfy equation (3.78). The most obvious is to set 

B = -A'. 
2 

In this case however we see from equation (3.70) that the physical metric wouldn't have in fact any 
dependence on either or Bl Its fluctuating part would simply be given by 

Ag^^ = + 2Ah^^. (3.79) 

The term A'y^^j represents the fluctuations induced upon the Minkowski background by the fluc- 
tuations in the effective stress energy tensor. We notice that this is precisely the same kind of problem 
that Verdaguer and collaborators studied in [108] using the stochastic gravity approach. As we al- 
ready mentioned at the beginning of Section 2.3 their result is that the matter fields tend to suppress 
the induced metric perturbations above the Planck scale. Too see that even our classical random ap- 
proach leads to a qualitatively similar conclusion let us consider the fluctuations backreaction second 
order equation: 

Gil^ [A7(') + 2A/i«*] = 87rT:![i>, /i^*]. (3.80) 

This could in principle be solved for Eab '■= A'j^'^^ + 2Ah'^'^. Working in the Lorentz gauge this is a 
simple inhomogeneous wave equation for the trace reversed perturbation Eab 

The general solution can be written in terms of the retarded Green's function [1]. In coordinates 
components it reads: 



Jt, X — X 



where S denotes the past light cone of the point x and the volume element on the light cone is 
dS = r'^drdVt. Without going into the details that would not affect anyway the main conclusion, it is 
clear that, being the source a zero average term, the solution for Eab will be slow varying and smoother 
than the fields i}) and h'^^ inducing the fluctuations in the source. Thus is because performing the 
spacetime integral of the zero average fast varying source will tend to smooth out and suppress the 
fluctuations. For our present purposes we do not need to calculate the induced fluctuations Eab in any 
detail, and we simply need to know that these would be characterized by larger variations scales and 
would have a more regular behavior than the fluctuations in ^ or /i^*. We thus write the solution of 
equation (3.80) symbolically as 

A7(^) = £^ - 2Ah^^, 

where the notation Eab indicates a slow varying, long wavelength second order perturbation. The 
physical metric thus would follow as 

Qab = Vab + ha^ + Eab- 

This is the result that one expects from a standard perturbation scheme applied to Einstein's equa- 
tion without even trying to introduce any conformal fluctuations: the Minkowski background here 
presents a linear perturbation /i^* describing GWs and a slow varying perturbation Eab induced by 
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the fluctuations in the backreaction effective stress energy tensor. The conformal fluctuations have 
disappear altogether and do not play any role. 

An alternative possibility to satisfy the constraint (3.77) would appear to require 

5 = 0, and dadbA"^ = 0. 

Proceeding exactly as before to deduce A'j^'^^ = Eab — 2Ah'^^ we would now find that the physical 
metric is formally given by 

9ab = Vab + h';^^ -3A^r]ab + Eab, (3.81) 

which appears to possess the desired formal dependence on A^. However, even though the solution we 
have built seems to be mathematically feasible, it is based on the very severe constraint dad^A^ = 0. 
This looks very restrictive and artificial and would imply a very unphysical spacetime dependence for 
the conformal field which, we recall, has also been assumed to satisfy d^dcA = 0. 

The conclusion is quite strong: all the elements suggest that within the random gravity framework, 
a vacuum solution of Einstein 's equation for standard GR is not compatible with the presence of 
spontaneous metric conformal fluctuations. Surely they do not lead to any vacuum energy cancelation 
and the attempt to built a solution with a true conformal modulation leads to formal inconsistences. 

3.5.3 An alternative scenario? conformal metric and GWs 

The treatment given above was based on the fact that the physical metric was assumed to represent 
GWs through its linear perturbation hab- As anticipated earlier we now wish to explore whether the 
alternative formalism in which GWs are described through the conformal 4-metric linear perturbation 
$,ab can be given any sense. The idea that the conformal 3-metric may represent GWs in the sense of 
carrying GR 'true' degrees of freedom was proposed by York [123, 124] in his study of the canonical 
formulation of the theory and related initial value problem. More recently this as also been advocated 
in [62], where the usual geometrodynamics approach has been extended in such a way that the confor- 
mal metric and related conformal factor play a central role. Moreover this is the approach in another 
paper by Wang and co-workers [36], where a metric of the form = + ^)^7afe was considered 
and where 7„i was claimed to encode the GWs perturbation. In the same work the authors claimed to 
find a vacuum energy balancing mechanism between a negative contribution due to A and the usual 
positive contribution due to the GWs. 

To reconsider this possibility in detail we start from the first order equation (3.1) 

G';^^[^] = 2dadbA-2r]abd'd,A. 

The requirement h^^ := ^ab, i-e. G^),^ [^] = 0, implies the constraint equation on A: 

dadbA = 0. (3.82) 

By taking the trace we have 

d^d^A = 0. (3.83) 

Technically the next step would be to find the general solution of the wave equation with Boyer's 
fluctuating boundary conditions and then restrict its form appropriately so that (3.82) is satisfied. 
Again we denote the result of this procedure by the symbol A. 

Next, after having solved the equation G'^],^[.^] = in the TT gauge, leading to ^ab = ^ST' '^he 
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physical metric linear perturbation follows from the algebraic constraint (3.7) as 

hab = h^r + 2Ar]ab. (3.84) 

We remark that hat also satisfies the linearized Einstein's equation equation G^^-* [h] = 0. However this 
comes in this case only as a consequence of h^^ and A being already fixed through their respective 
equations. In particular we can e.g. assume that h^^ has been found in such a way as to satisfy the 
TT gauge conditions. We then see that the physical metric perturbation would present a randomly 
fluctuating trace induced by A and given by 

h ■= T^^'^hab = 8A. (3.85) 

Notice that one cannot think of performing a further gauge transformation to put hab in a TT gauge, 
thus reabsorbing the effect of A in the definition of a new coordinate frame. We observe indeed that to 
do so one should consider a change of coordinates ^-^ + Sv^ whose generator Sv^ would have 
to be itself fluctuating. This would correspond to pass from the macroscopic observer frame to an 
effective microscopic fluctuating frame. We simply assume that this cannot be done as long as we just 
wish to describe physics from the point of view of a macroscopic observer. As a consequence of the 
above construction we now have that the conformal 4-metric linear perturbation and the conformal 
fluctuations are independent and, as a consequence, statistically uncorrected, i.e. we have 

= {hZ.A-) = 0. (3.86) 
We now consider the second order equation (3.17) 

+ {2dadbB - 2r^,,d'd,B) - (dadbA^ - r^abd'd.A'^) + Sab[A, i], (3.87) 

and we simply use ^ab = . This leads to a much simpler formalism than before. Indeed 
G^2[h°^] = impUes that it is simply G^^p[h^^] = -see equation (2.49)- and that 
satisfies all of Isaacson's property so that it will represent, after average, the GWs stress energy ten- 
sor. We have 

+ {2dadbB - 2r]abd''d,B) - (s.^.i^ _ r/„,9'=9ei') + /i^*], (3.88) 

where we defined again 

If we take the average we obtain now 

Gi?[(7^^)>] = Stt (t:! - l^dMA^ , (3.89) 
where we have used (d'^AdcAj = 0, as implied by d^dcA = 0, and (h*^^ ^,.- ) ~ 0- ^^^^ 
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sight it would seem that in this formalism the conformal fluctuations could really serve as an explicit 
balancing mechanism for the traceless part of the vacuum energy contained in T^f . However this is 
not the case. Indeed to arrive at (3.89) we had to impose the constraint dadhA = 0. In this case we 

see that the identity dadbA^ = 2 (^daAdbA + AdadbA^ reads: 

dadbA^ = 2daAdbA. (3.90) 
Because the left side is a total derivative we have that, in fact, it must be 

(^daAdbAj = 0. 

We thus conclude that even if one attempts to describe GWs through the conformal metric linear 
perturbation, conformal fluctuations do not lead to any explicit vacuum energy balance mechanism, 
not even at a formal level. 

In order to find an explicit microscopic second order solution we can again exploit the fact estab- 
lished previously according to which the conformal and the physical metric expansion schemes are 

equivalent. Starting from G^^^[g^'^^ = Stt (^Tj^l\ip] — ^G^abi^ij^ ^^^^ straightforward to verify 
that the second order equation (3.88) can be written in an equivalent and more compact form as 

[7^'^] = 87rr:f - Gi? [2Ar^] - G^^^ [2i/.«* + A'r^ + 2Br,] + [dAdh]^,.^ , (3.91) 

where [dAdh]Q(2) indicates the cross terms resulting from — ^^^^[/i*^* + 2Arj]. This can be re- written 
as 

gW[7(^) + 2i/.«^] = {sttT:! - Gl?[2ir/] + [dAdhy.,} - G^^[{A' + 2BU (3-92) 

where the term in brackets has again a zero average. The situation now is even worse than in the 
previous case. Indeed, in order to obtain a microscopic solution in which 7^^^ does not depend alone 
on we would need to impose the formal constraint B = and dad^A^ = 0. From (3.90) it would 
then follow 

daAdbA = 0, (3.93) 
which, again, appears to be too restrictive and leading to an unphysical result. 

3.6 Summary 

In this and the previous chapter we have provided a general framework which allows to model some 
of the effects related to vacuum down to the random scale i = \Lp hy using classical fluctuating 
fields. The main motivation was to provide a concrete framework in which conformal fluctuations of 
the metric could enter as a new physical actor and thus be seen as a cause of dephasing through the 
nonlinear effect they would have on the spacetime metric. This was attempted within standard GR 
by looking for a solution of Einstein's equation in the form gab = {1 + A + B)'^'jab, where A and B 
encode the conformal fluctuations. The main idea was to fix somehow the structure of the conformal 
metric 'jab in such a way to induce a true dependence of the physical metric on the conformal field 
A. This can be formally done by inserting the ansatz solution form for gab into Einstein's equation, 
thus obtaining a linear and second order constraint equations for A and B. The hope that such an 
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approach could lead to physically viable results was based upon the possibility that the two expansion 
schemes of Einstein's equation based on the metric gab or 7^5 were in fact inequivalent to second 
order due to the nontrivial nonlinear features of the problem. However we have verified that the 
expansion schemes are in fact equivalent both to first and second order. This implies that the set of 
constraints that one would need to impose to build a solution in which the physical metric contains 
an dependence are mathematically too restrictive and unphysical. Formally, there are two main 
scenarios: one in which the physical metric encodes the GWs and an alternative scenario in which one 
seeks to describe GWs through the conformal metric linear perturbation. We have shown that in both 
cases acceptable solutions for the physical metric do not contain a true dependence on A^. Moreover 
we have shown that, contrary to previous claims, conformal metric fluctuations within standard OR do 
not offer a viable way for a vacuum energy balance mechanism. It is our main conclusion at this point 
that, though an interesting possibility, the idea that conformal fluctuations of the metric may represent 
a true physical actor of the microscopic physics close to the Planck scale is not tenable within GR. 
The next chapter is devoted to investigating whether and how such conclusions may change within 
some modified theories of gravity such e.g. scalar-tensor. 



Chapter 4 



Scalar-tensor theories and conformal 
fluctuations 



In this chapter we study conformal transformations from the deeper point of view of local units 
transformations. In this case all lengths, times and masses also transform along with the metric 
tensor. As noted by Bekenstein and other authors before him this implies that all the fields of the 
standard model have in fact a conformally invariant dynamics. For this to be true the transforma- 
tion properties of rest masses are essential. Requiring that gravity be also conformally invariant 
leads to Bekenstein action for the metric tensor and a novel gauge field which couples directly to 
rest masses. As pointed out by Bekenstein, this theory of conformally invariant gravity is in fact 
physically equivalent to GR, the equivalence being manifest in the particular conformal frame 
where the mass field is constant. Reinterpreting Bekenstein theory within the random gravity 
framework, the new gauge field is also expected to possess spontaneous fluctuations at the ran- 
dom scale. These aie mathematically equivalent to conformal fluctuations and this fact allows to 
re-interpret conformal fluctuations of the metric as fluctuations of the mass field. In this sense the 
framework of conformally invariant gravity offers a natural way to introduce conformal fluctua- 
tions. Of course, this theory is still essentially GR and these cannot have any physically observable 
effect, in agreement with the results of the previous chapter. However the renewed point of view 
makes clear how the action for gravity should be modified in order for conformal fluctuations to 
play a role. This leads us to consider scalar-tensor theories. After reviewing some general facts, 
the analysis focuses on the special class of theories due to Brans and Dicke. Application of the 
random gravity scheme provides a valid vacuum solution where the physical metric does possess 
a conformal modulation. This is induced by the Brans-Dicke field spontaneous linear fluctuations, 
which naturally satisfy a standard wave equation. This facts happen independently of the specific 
value of the Brans-Dicke coupling parameter and provide a physical basis for the dephasing of a 
quantum particle studied in Chapter 1. Together with matter fields and GWs, the Brans-Dicke field 
linear fluctuations consistently contribute to a correction of the background geometry through a 
standard Klein-Gordon stress-energy tensor whose coupling to gravity depends linearly on the 
Brans-Dicke parameter. In particular, for large negative values the theory would provide a ghost 
field which could alleviate the usual problem of the large zero point energy. 
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4.1 Conformally invariant physics and Bekenstein's theory 

We start the analysis by showing that, even if they do not seem to lead to physically observable effects, 
conformal fluctuations within GR can at least be introduced in a more satisfactory way through the 
random fluctuations of a novel gauge scalar field. This is important in that it sheds light on how 
one should properly interpret conformal transformations (CT) of the metric. As already noted by 
Dicke in his second paper on the Brans-Dicke theory [48], these have to be seen as local change of 
physical units in such a way that all dimensional quantities, including lengths, times and masses must 
be transformed simultaneously. The failure to do this leads to the usually asserted fact that masses 
break the conformal invariance of physics. In fact, as it was already noted by Bekenstein in his 1980 
remarkable paper [47] Conformal invariance, microscopic physics, and the nature of gravitation, 
physics is indeed conformally invariant, in the sense of being invariant under local changes of units. 
This fact has been more recently acknowledged by a number of authors [125, 128, 129]. Bekenstein's 
very lucid treatment shows that the actions of all matter fields in the standard model of particles are 
conformally invariant in the sense specified above. Moreover the requirement that gravity be itself 
conformally invariant leads to the introduction of a new gauge field that couples directly to, and in fact 
defines, particle masses. Because of its importance for our results in relation to scalar-tensor theories 
we will now review Bekenstein's theory in some detail. This will allow us to show that the conformal 
fluctuations introduced somehow 'by hand' in the previous chapters can be interpreted more elegantly 
as natural fluctuations in the Bekenstein's gauge field. 



4.1.1 Conformal transformations as local transformation of physical units 

We start by considering a CT for the metric tensor 

gab = ^'^gab, (4.1) 

where fi^ is an arbitrary, positive and smooth dimensionless spacetime function. In the following all 
the conformally transformed quantities will be denoted with a bar. 

To understand the role played by the mass in guaranteeing a conformally invariant physics, it is 
instructive to consider the example of a scalar field (p. It is well known that the standard minimally 
coupled action is not conformally invariant. On the other hand conformal invariance (CI) arises 
naturally if (p couples to the metric scalar curvature. A straightforward calculation shows that [1] 

(^r'^a^b - ^Rj = Q~'' (^g'^'WaVb - ^R^ 0, (4.2) 

where all the barred quantities refer to the conformally transformed metric gab- Defining the confor- 
mally transformed field 

:= fi-V, (4.3) 



(4.2) says that the equation 

6 



5"'V,Vb - li? U = (4.4) 



is conformally invariant. 

We consider now a massive field, satisfying the equation [g"''^Va'^b — ^R) <P = rn?4>- Now equa- 
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tion (4.2) gives 

r'^a^b -^R- m'n-^^ 4> = (^g^'VaV, -^R- m^^ <p. (4.5) 

Because of the VL dependent term in the left hand side it is usually concluded that mass spoils CI. 
However, as discussed very clearly by Bekenstein [47], this conclusion is a misconception deriving 
from a common confusion between CT and scale transformations. The latter require to transform the 
metric according to (4.1) and to rescale the fields by powers of Vt and are equivalent to an enlargement 
of the physical system under study. On the other side, as originally discussed by Weyl [126], Dicke 
[48], Hoyle and Narlikar [127], CT should properly be interpreted as local units transformations. In 
this case all lengths, time intervals and masses are stretched by a factor that depends on the spacetime 
location. All lengths and durations are multiplied by a factor in such a way that velocities are un- 
changed, in particular the speed of light. In order to deduce the transformation law for the masses the 
key point here is to note that Compton wavelengths make no exception and must also be transformed 
as any other length: Bekenstein refers to them properly as ''fundamental metersticks in physics". As 
any other length, they must transform under a CT like (4.1) as 

K = (4.6) 

Considering that 

Ac := — , (4.7) 

mc 

where c is the (conformally invariant) speed of light and m the rest mass of the particle under exam, 
and assuming that h ^ h under a CT, then equation (4.6) implies the following transformation law 
for the rest mass 

m = mfi-\ (4.8) 
Including the transformation of rest mass, equation (4.5) now reads 

r'^a^b -^R-ThA^ = n~'' V„V5 -Ir- <P, (4.9) 



showing that the massive scalar field equation 

<7"'VaV5 - i/^^ = (4.10) 

is indeed conformally invariant once the conformal transformation is interpreted as a local change of 
all units. 

4.1.2 CI action for a massive scalar field 

The relativistic action that leads to equation (4.10) is 

S't> = -\l (0,a0'" + ^i?0' + mV) v^c^'a;, (4.11) 
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where g is the metric determinant and a indicates coordinate partial differentiation. We can verify 
that this is CI by considering the transformation laws 



9ab 9ah — ^^Qab 



m ^ fh = mf2~^. 
The action in the conformally transformed frame is 



Si 



6 



Using the above transformation laws one gets 



-9 (P,a(, 



- 2 72 / 2/2 / 

m (p y—g = m (p \J —g 



The scalar curvature term transforms as 

^g\W = 

D 







-g <f^~^UfL, 



(4.12) 

(4.13) 
(4.14) 

(4.15) 



where Dg := g°^dadh- Performing an integration by parts on the second term and neglecting the 
vanishing boundary term gives 

- ^ d^x^f^<p^^~^Ug^ = j d^x^/^ (0^^^^^) aS''^^-^ 



This cancels the f2 dependent terms in (4.13) so that = S^p as required. 



4.1.3 Conformal invariance of Standard Model fields 

In fact all the physical fields of the Standard Model are conformally invariant once the transformation 
laws (4.6), (4.8) are adopted together with (4.1) [47, 129]. Bekenstein shows this explicitly for the 
actions of abelian and non-abelian gauge fields, massive vector field, Dirac field, scalar field, Higgs 
field, including all the relevant coupling terms. In particular, a physical field with dimensions L"-T^M^ 
must transform under a CT with Vt"'^^'^. The fact that all the microscopic physics of the standard 
model is CI is remarkable. To quote Bekenstein's own words 

The extension of units transformations to the local level (CT's), and the requirement of 
CI of physical laws then parallel the promotion of gauge and internal invariances to the 
local level by the introduction of gauge fields. 
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In this sense the conformal transformation gab ^^gab is like a gauge transformation. As explained 
in the next section, the requirement of local invariance under this kind of gauge transformation implies 
the existence of a new gauge field, deeply related to mass. 

4.1.4 Bekenstein's gauge field and GR as a natural consequence of CI 

As by the usual practise we use the term conformal frame (CF) to indicate an arbitrary system of 
units, locally defined at each point in the spacetime manifold. If physics is to be CI, an important 
consequence is that the rest mass nii of any given particle field must be itself a spacetime field. This 
is because, in an arbitrary CF, the rest mass of a given physical field will vary over spacetime. If 
one insists on the fact that there is no preferred system of units and that the laws of physics must 
be the same within any arbitrary CF, then there is no other choice but to admit that the rest mass 
corresponds to a physical field. A priori there are as many mass fields as there are different types of 
fundamental rest masses. However, if the ratios of all possible kind of rest masses are strictly constant, 
i.e. nii/mj = cont, it follows that there must exist only one mass field. This must be a scalar and 
defines fields masses through 

C fc 

rui := ^971, (4.16) 

c 

where g^ is a dimensionless mass coupling constant for the physical field labeled by i. It follows that 
971 has the dimensions of L^^ and must transform under a CT according to 

Ti-^m = mn^\ (4.i7) 

We will call 971 the Bekenstein mass field. It plays the role of gauge field associated with CTs. 

As all the other gauge fields in physics, even the mass field 971 should have a dynamics. Bekenstein 
identifies the proper action 5ot by requiring the following properties: 

1 . iSgrn is covariant; 

2. iSgrn depends only on 971, gab and their derivatives; 

3. the dynamical equation for 971 can contain up to second derivatives; 

4. cSanisCI. 

In particular the last requirement is important and it is put forward by Bekenstein mainly for esthetic 
reasons, in analogy with the fact that all the other standard model fields are known to have a CI 
dynamics. It corresponds to the idea that the whole of physics should be CI. The most general action 
satisfying these requirements comes in the form [47] 

= ±^nc j (^9K,a97t''' + + A9n^^ V^d^x, (4.18) 

where A is a dimensionless parameter, d'^x = cdt d^x and he guarantees that S<xn has the dimensions 
of a relativistic action. Apart for the ± sign, this action has the same form as that in (4.1 1) with the 
quartic self-interaction term playing the role of the mass term. 

It is important to note that the requirement of CI (with the metric transformation gab ^^gab) 
automatically implies that one must consider a general curved geometry which then enters the action 
through the scalar curvature R. This fact has a fundamental consequence. Indeed, by the principle 
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of CI one can always perform a CT to a conformal frame where the mass field is represented by a 

constant spacetime function, i.e. DJl = TIq. In this CF particle masses are also constant and the action 
reads 

5^^±./(«-2A„)y3I.'., ,4.,9) 

where we defined 

K ■= (4.20) 

and 

Ao := -3Amtg. (4.21) 
The masses of the physical fields are constant and given by 

= ^OJto. (4.22) 

c 

Selecting the plus sign, one recognizes in (4.19) the usual Hilbert Einstein action in empty space with 
a bare cosmological constant term. Performing the functional derivative with respect to the inverse 
metric yields indeed 

^ = Rak - -QatR + Ao9ab = 0. (4.23) 

Since conventionally k = c^/ (IGnG) the gravitational constant G follows from (4.20) as 

The variability of G due to its dependence upon the arbitrary constant 9Jto simply reflects the 
variation in its numerical value in different global systems of units. To check whether there is any 
intrinsic variation that could lead to physically observable effects one has to look at the dimensionless 
gravitational strength, defined as the ration between the gravitational and electric forces that two 
protons exert on each other. If 

Gml 1 

this is given by 

F„ Gml 

-W = W^' (4.26) 
where uip is the proton mass. On the other hand 

ahc, (4.27) 



Aneo 

where a ^ 1/137 is the fine structure constant. The strength of gravity is accordingly defined as 

Gml 

7 := (4.28) 

he 



A real, intrinsic variation of the strength of gravity would manifest itself as a variation of 7. Within 
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the present CI theoretical framework and in the CF introduced above with 971 = OJto, equations (4.22) 
and (4.24) yield 



Ai^hml \c he - An 



7 = 7r^x,^9H^(-:) x-^^. (4.29) 



Since the mass coupling constants are assumed to be constant it follows that 7 is constant in every CF. 
Thus, in the CF where particle masses are constant, the action 

= ]^hc j (^^jm^" + + A 971^^ V^d'^x, (4.30) 

is manifestly equivalent to the standard Hilbert action of GR with no matter sources. However, since 
this action is CI, the physical predictions of the theory will be the same in every CF, in such a way 
that 5gr»t should be regarded, in general, as the action for gravity. It is remarkable that the principle of 
CI together with that of General Covariance, according to which the laws of physics must be invariant 
under general coordinate transformations and local change of units, basically naturally imply that 
gravity be described by GR. 

Bare cosmological constant 

The term XdJC^ plays in (4.30) the role of mass term. The mass of the mass field would then follow as 

/. := y^m. (4.31) 

c 

This formula is consistent with the general equation (4.16) holding for all the other massive fields 
so that plays the role of a self-coupling constant for the mass field 9Jt. It follows that a bare 
cosmological constant emerges in the theory if and only if the mass field suffers a self-interaction. 
The simplest possibility is that with no self-interaction and A = Aq = /x = 0. In this case the action 
reads 

5ot =-hc I ( mt^a^'" + -RTlA y/^d'^x, (4.32) 



6 

and, as far as 971 is concerned, it is equivalent to the action for a massless scalar field. The corre- 
sponding dynamical equation for DJt is of course 



6TI \ 6 ^ 

4.1.5 Gravitational equations in an arbitrary conformal frame 

In an arbitrary CF, and with A = the field equations for the metric follow from 



As we will see more in detail in the next section, as long as the coupling to matter is neglected, 
the action iSgrrt is formally equivalent to that of gravity non minimally coupled to a scalar field 0. 
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Capozziello et al. [130] consider a general action of the form 

1 



S 



^,ar + F{(j))R-V{(j))\y^d''x 



(4.35) 



where, for simplicity of notation we set = c = 1. This arises naturally within scalar-tensor theories 
of gravity [39] and is also closely related to the action for Brans-Dicke theories [131]. Upon functional 
variation with respect to ^f"^, this yields the equation 



where -a indicates the covariant derivative and where the tensor Eab is defined as 

Sab := 0,a0,b - ^gab(t>,ag''^(p,b + gabV{(f)). 

The mass field action (4.32) formally corresponds to (4.35) with the choice 



(4.36) 



(4.37) 



F(0) 



12' 



y(0) = 0. 



(4.38) 



It follows that, in an arbitrary CF, the dynamical equation for the spacetime metric corresponding to 
5grjt takes the form 



G 



ab 



12 



F{m),ab - gab^Fim) - ^ [ 9^,,^!,, - \gab'yyi,M 



Considering that 



and 



we obtain 



F{m) 



ab 



da 



12 



6 



{mm,ab + mami 



1 



UF(m) = g^^F{m).ab = - (TIDTI + TIM'^^ 

6 



ab 



m. 



ab 



gab- 



um 



Defining now a smooth scalar field a through 



4 I-. ' - gab- ' 



9712 



a = In 



where 9Jlo is an arbitrary constant with dimensions of L ^ yields 

971 =: e"97lo. 



(4.39) 

(4.40) 

(4.41) 
(4.42) 

(4.43) 

(4.44) 
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The following relations hold 



Ma 



(4.45) 



■,ab 



m 



(4.46) 



nm 



□a + a cC('' 



(4.47) 



The field equation expressed in terms of a reads 



Gab = 2 {a-ab - 9abOa) - 2 ( a^aa,b + -gaba,ca'' 



(4.48) 



We can re-write this as 

Gab[g] = 2 



In — QoftD In 



\ab 

(\n—\ - An— ^ ' 



(4.49) 



which, apart for the matter fields not being included yet, is formally equivalent to equation (2.3) with 
OK/9Jlo playing the role of Vt. 

We close this section by pointing out that the dynamical equation (4.33) for 3Jt that one derives 
by varying the action Stjyi with respect to 971 is automatically satisfied if the Einstein's equation is 
satisfied, for an arbitrary spacetime function 971. We can easily verify this by taking the trace of 
equation (4.42). Since g'^'^G^ 



ab 



-R we have 



971 971 .971'' 
-RTt = 2D971 - 8D97t - 4 1. +4- 



971 



971 



(4.50) 



which yields (□ - i?/6)97l = 0. 



From the Jordan frame to the Einstein frame 

To reveal clearly the connection to our treatment of conformal fluctuations presented in the previous 
chapters we need to analyze more closely the properties of the explicit CT that allows to connect an 
arbitrary CF to the CF with 971 = 97lo = const. In this section we shall refer to the arbitrary CF where 
97t is a non-constant function of the spacetime coordinates non minimally coupled to gravity as to 
the Jordan frame. The CF in which 971 = 97lo = const will be referred to as the Einstein frame. We 
remark that, within the present framework based on the CI of physics, it is clear a priori that these two 
frames are equally good in providing a description of any given physical system. In particular they 
must lead to the same physical predictions. 

Imagine to select any Jordan frame where 971 is not constant, in such a way that the action (4.32) 
yields the dynamical equation (4.49) for the Jordan frame metric gab- We then perform a CT to a new 
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CF, i.e. we transform the metric and the mass field as 

Qab^ 9ah = ^'^9ah, (4.51) 

'im^m = mvt-\ (4.52) 

We now require that this CT allows to pass to an Einstein frame, i.e. a frame where the mass field 
and all particle masses are constant. Since it was introduced arbitrarily, there is no loss of generality 
in requiring that, in the transformed frame, one has 

m = DJlo. (4.53) 

Comparing to equation (4.44) we see that it must be 

Tl 

^ = e" = —. (4.54) 

The action in the transformed frame (Einstein frame) takes of course the usual Hilbert action form 
and yields the Einstein's equation in empty space for the metric gab as discussed in Section 4. 1 .4. 
In the Einstein frame particle masses are constant and the mass field doesn't appear explicitly in the 
equations of motion. Thus it appears that the transformation (jab = e^^Qab is simply that CT that 
connects the particular Jordan frame with metric gab and spacetime dependent mass field d3l{x) = 
e°'^^^Tlo to the Einstein frame with metric gab and constant mass field Tl = OTTq. 

We thus see how, within this new perspective of a conformally invariant theory of gravity, con- 
formal fluctuations would formally be equivalent to the spontaneous fluctuations in the mass field 

m. 

From the Einstein frame to the Jordan frame 

Conversely one can start from the action expressed in an arbitrary Einstein frame with metric gab and 
constant mass function DJl = DJIq, namely 

-^R^d^x. (4.55) 

Perform now the CT 

(jab gab = ^^^9ab, (4.56) 

mo^m = mou;~\ (4.57) 

where uj is an arbitrary and non-constant function of the spacetime coordinates. To find the action in 
the new CF (Jordan frame with variable mass function) we simply have to express the 'old' quantities 
(9Jto) -R) V~9) terms of the 'new' related quantities (971, R, a/^) and substitute directly in (4.55). 
We have 

mo = ujm, (4.58) 
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The corresponding equation for R is [129] 

R = uj^R + QujUuj - 12cj,ccu''=. (4.60) 

The action (4.55) now yields 

„ , f _n / 1 □co' UJ rUJ 



Sm>= ri^RV^d''x+ m^- ^^—]V^d^x=:S, + S2, (4.61) 

J 12 J \2 uj uj uj J 

where, in the second term S2, indices are raised by the new inverse metric g°''^. Using equation (4.58) 
this term can be re-written in terms of 971 only as 




1S2 = / \/~g d'^x 



l\,c 



(4.62) 



The terms containing the derivatives of the mass field yield 

-m\Tl-^),c{^-Y = -9}t,eM'" (4.63) 



so that 



^m^n(m~^) = m^M'" - ^tidti, (4.64) 
S2 = -^J ^/^d^xm^m =^J y/^d^xm^M'" (4.65) 

after an integration by parts. Finally, the action in the new Jordan frame takes the desired form 

Smo = J i-^R + 2^,can'M d^x = Sm. (4.66) 

4.1.6 Inclusion of matter fields 

We have shown that the action S<xii provides a CI framework for GR at the expense of introducing a 
mass field 971 that plays the role of a new gauge field in the theory. This come as a consequence of 
the fact that CT should properly be interpreted as local units transformations that one must carry out 
simultaneously on the the metric gab, the mass field 971 and all the other matter fields that one wishes to 
include in the formalism. We stress again the fact that, since the mass field couples to particle masses, 
its transformation law implies that particle masses themselves transform under CT. In particular, in an 
arbitrary Jordan frame, particle masses will be varying from point to point in spacetime in proportion 
to the variations in 9Jt. The usual Einstein frame corresponds to the particular situation in which the 
mass field, and thus particle masses, are constant. 

Moreover we have shown how fluctuations in the mass field could equivalently be interpreted as 
conformal fluctuations of the metric. In this sense, if one accepts that gravity is conformally invariant 
and by applying the random gravity framework to study vacuum properties at the random scale, it 
would follow that conformal fluctuations are indeed expected to be there after all! However the 
question of whether these can actually affect test particles is doomed to yield a negative answer. This 
depends entirely on how one prescribes now the coupling of matter to gravity. 

To see this let us notice that, as mentioned above, in the original work by Bekenstein it is shown 
that all the fields of the particle Standard Model have a CI action once one transforms their masses 
accordingly. In fact particle masses are directly coupled to the mass field 971 through rrii = {gfh/ c)97l. 
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It follows that, in the presence of matter fields, the total conformally invariant action one should 
consider in an arbitrary Jordan frame is 

S'i, ■■= S^lQab. m + '5^") gab. 971] , (4.67) 

where iS^"^-* is the action of matter fields, described collectively by We stress here the important 
point that, in an arbitrary Jordan frame, only the massive matter fields included in S^™"^ get a depen- 
dence on the mass field 071 through their rest masses. Apart for this fact, i}) couples otherwise to the 
metric gab in the usual way. 

The equation resulting from the above action follows upon functional differentiation with respect 
to In particular, matter fields stress energy tensor will be defined as usual as 



We notice from equations (4.36) and (4.38) that the variation of S<yyi\gab, 971] yields on the l.h.s. the 
Einstein tensor multiplied by 971^/12. It follows that the conformal invariant gravitational equation in 
an arbitrary conformal frame take the form [129]: 

GM = 2(a,, - - 2 + \,^,.o^ + ^tS\^,'jM, (4.69) 

where 

m 

« = ln— . (4.70) 

We thus see that the whole formalism of the previous chapters is recovered if one inserts fluctu- 
ations in the mass field by prescribing a = 1 + A + B. The extra term 6/971^ that couples to T^"' 
defines the gravitational constant and contains fluctuations that would appear as higher than second 
order corrections. Thus, up to second order, equation (4.69) is formally equivalent to equation (2.3). 
Now however gat indicates the physical metric which necessarily couples to the intrinsic fluctuations 
in the mass field. In this sense our vacuum solution would imply that gab does indeed depend upon 
the fluctuations in 97t. Unfortunately a massive test particle would still be not affected by such fluc- 
tuations. The reason is that if it is true that the metric depends on a, so does the particle mass, which 
also fluctuates. This happens in such a way that there cannot be any observable effect. This must be 
so exactly because the theory is conformally invariant. As shown above one can always transform 
away from the Jordan frame to an Einstein frame in which the new lUt is constant. The corresponding 
Einstein frame action would be 

'^tot := +5(™)[^,^„,], (4.71) 

where rest masses are exactly constant and the dependence on the constant 97lo is simply absorbed 
in the particular global units one employs for the gravitational constant G. In this frame the field 
equation is manifestly Einstein's equation with a source represented by the stress energy tensor of 
matter coupled to the metric (jab- Indeed, when 97t = OTIq = const, equation (4.69) above reduces to 
the standard Einstein's equation with gravitational constant 
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in agreement with what we had defined in equation (4.24) with c = h = 1. The physical prediction 
in this gauge is that a massive quantum particle would not suffer dephasing. By conformal invariance 
this must then also be the result in the general Jordan frame where the mass field is fluctuating. 

Our previous result that conformal fluctuations are not effective within GR is thus confirmed. 
However the present deeper point view also provides hints of how the situation could change. Indeed 
it is clear that an action of the kind S = S<xii[gab, ^] + <S^"^^ [ip, dab], where matter fields do not couple 
directly to Tl would indeed lead to a different physical result. Of course such a theory would exit the 
realm of standard GR: the above action would have to be re-interpreted as a special case of a theory 
of gravity coupled to an external field. In fact we will see in the next section that such an action 
actually corresponds to a Brans-Dicke theory with coupling parameter u = —3/2. Even though such 
a value seems to be ruled out by observations within the solar system [131], this suggests considering 
scalar-tensor theories of gravity more in detail and verifying what our random gravity framework can 
then predict in relation to the problem of dephasing of a quantum particle. 



4.2 Scalar-Tensor Theories of gravity 



Scalar tensor theories refer to alternative theories of gravity where the gravitational field is described 
by a rank 2 symmetric tensor gab and one spin scalar field 0. The first examples of such theories 
were considered by Jordan [132] and by Brans and Dicke [60] in the attempt to incorporate Mach 
principle within GR and find a general framework which could accommodate for a varying gravita- 
tional 'constant' G whose value was related to the local value of the scalar field (p, in turn related 
to the energy-matter distribution of the universe. The original class of Brans-Dicke theories was ex- 
tended in the 70s by Wagoner [39], who considered a more general action for gravity and a scalar 
field. Such theories go under the name of scalar-tensor. Since their original introduction, they have 
been constrained by many observational tests, mainly within the solar system. From the theoretical 
point of view it is known that gravity description must include a rank 2 symmetric tensor. However 
there are not valid reasons to exclude the theoretical possibility for an extra scalar field. More recently, 
more general theories with nonlinear terms in R included in the Einstein Hilbert action have also been 
considered [130], in particular in relation to their cosmological consequences. Beyond the original 
motivation that had inspired Brans and Dicke's work, an extra universal scalar field could have an 
important role in relation to dark energy, the cosmological constant and inflation. Moreover String 
Theory in its low energy limit also leads to the prediction of a scalar field (dilaton) whose dynamics 
is governed by an action in all respect similar to Brans-Dickes's [133, 131]. 
Wagoner action for a scalar-tensor theory is [128]: 



5, 



w 



d Xy 



-9 



f{<t>)p^ ^(0) 



+ j d'x^a^C^^\g,^l (4.73) 



where C^^\g, il)] is the matter fields lagrangian and (f) is the Brans-Dicke scalar fleld. The functions 
/, uj and V are arbitrary. Matter fields are only coupled to the metric gab and their stress-energy tensor 
is defined as usual as 



T. 



(m) ._ 



-2 



It is possible to show that this is conserved in the usual sense: 



(m) 



ab 



0, 



(4.74) 
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which also implies that point-like test particles follow the geodesic of the physical metric gab, so that 
the WEP is satisfied. Experimental constraints on to, deduced from measurements of the frequency 
shift of radio signals to and from the Cassini-Huygens spacecraft, suggest [134, 135]: 

|cj(0o)| > 40000, 

where 0o represents the present value of the scalar field. Such a form of the action defines the theory 
in the so called Jordan Frame (JF) in terms of the gravitational variables (gab, 0). In the Jordan frame 
the scalar field is non-minimally coupled to the metric and matter fields suffer gravity through direct 
interaction with the metric gab only. On the other hand the scalar field contributes, together with other 
form of matter, to set up the physical metric. Such a theory is characterized by a varying gravitational 
constant defined by 

■= 

It is well known that the theory can be equivalently formulated in such a way that the action 
goes over to the usual Hilbert-Einstein with a standard, minimally coupled scalar field. This can be 
achieved by means of the following CT [39, 125, 128]: 

gab = ^^9ab, With n=^/m, (4.75) 



with allows to pass to the Einstein Frame (EE), in terms of the variables (gab, 4>)- The action then 
takes the form: 



R 



12tx 2 



where 

In this frame the action resembles the standard HE action with a canonically coupled scalar field 
(f). However this theory is not GR since the matter field lagrangian is now coupled to (p through the 
coupling constant [6*0(0)]"^. In particular test particles do not follow the geodesic of the metric gab- 
As already shown by Dicke [48] and as discussed in the previous section in relation to Bekenstein's 
theory, the two frames are physically equivalent [128, 125] provided that the units of mass, length, 
time, and quantities derived therefrom scale with appropriate powers of the conformal factor Vt in the 
Einstein frame. In this sense it is still true that physics is invariant under choice of the units. In this 
point of view the Einstein Erame contains a different system of units at each spacetime location and 
the symmetry group of classical physics is enlarged to include conformal transformations with the 
associated rescaling of units. These must transform according to: 

di = Qdt, dx^ = Qdx^, rh = Q^^m. 



The lucid discussion of Elanagan [125] and Earaoni [128] make this point clear while providing many 
examples of calculations in the literature that employ different conformal frames and actually do yield 
the same physical prediction because the scaling of units under CTs was properly taken into account. 
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Summarizing one has: in the Jordan frame h, c, particle masses m and all coupling constant 
of physics are constant, while the gravitational 'constant' G varies and test particles follows metric 
geodesic; in the Einstein frame G, h and c are constant while particle masses, fields couplings and 
units of length, time and mass vary with spacetime location. 



4.3 Brans-Dicke theory 



The original Brans-Dicke theory [60] is a special case of scalar-tensor theory and is recovered with 
the choice: 

= 2(f); uj{(f)) = 4^, uj = const; V{(f)) = 0. 



Equation (4.73) then yields the Brans-Dicke action: 



S 



BD 



UJ 



(4.11) 



By applying the usual variational principle with respect to the metric this yields the dynamical equa- 
tion [133]: 

Gab[g] = j^Tj^f + ^ (V„Vfc0 - gab'^'V,^) + ^ (^V„0V,0 - ^^^afeV^^V.^^ (4.78) 



for the spacetime metric gab- By varying with respect to the scalar field yields instead: 

1 



4cj + 6' 



_rp{m) 



(4.79) 



where T*^™) denotes the trace of the matter fields stress energy tensor. In this theory the gravitational 
constant G is related to 1/0 and in general varies from point to point. Its local values is determined 
through (p in response to the matter-energy distribution throughout the universe, in agreement with 
Mach's principle. 

The Brans Dicke action can be written in an equivalent way that will be useful for us by defining 
[131]: 



e := Sign(u;), ^ := — > 0, 



Then we have: 
<Sbd - 



d'^Xy/^ 



+ j rf^xv^a™£(™)[^,^]. (4.80) 



This reveals that, as long as matter fields are neglected, Bekenstein's action (4.32) corresponds to a 
Brans Dicke model with e = — 1 and ^ = 1/6, i.e. uj = —3/2. 

This form of the action is also useful to prove the equation for the scalar field (4.79). Starting 
from equation (4.78) for the metric and taking the trace we have: 



^3^36 6 



(4.81) 



4.4. Random gravity framework and Brans-Dicke theory 



87 



On the other hand, varying the Brans-Dicke action in its form (4.80) with respect to the field (/9 yields^ 

eULp + ^LpR = 0. 
Multiplying by ip and using = gives 

e^U^ + 20/2 = 0. (4.82) 

It is also 

-□(^2 = 00 = ^((^□(^ + WVc<^) (4.83) 
2 

and 

— ^ = 2eVVVc<^. (4.84) 
Using (4.82) and (4.84) into (4.83) gives: 

— — ^ = 2n0 + 40i?ee" = 200+ — . (4.85) 

OJ 

Substituting into equation (4.81) gives 

□,_i^,,^(2o,^^).i;;i. ,4.86) 

3 3 \ uj J 6 

Thus we see that the curvature terms simplify and we obtain 



r-p{rn) 

6 + 4a; 



which is indeed equation (4.79). 



4.4 Random gravity framework and Brans-Dicke theory 

We now apply our random gravity framework to the problem of vacuum fluctuations within the special 
class of scalar-tensor theories given by the Brans-Dicke action. We work in the Jordan frame, in such 
a way that the scalar field is non-minimally coupled and test particles follow geodesies of the physical 
metric gab- The relevant dynamical equation for the spacetime geometry is obtained upon variation of 
the Brans-Dicke action as given by Fujii [136] 



5S 



BD 



6 / d^X^ 



0. 



(4.88) 



'This is obviously so since it is already known that that action must yield the conformally invariant Klein-Gordon 
equation when ^ = 1/6 and e = — 1. 
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Apart for the constant e = ±1 this corresponds to the action we already considered in (4.35). It is 
then straightforward to verify that the modified Einstein's equation results in: 



(4.89) 



where we recall that the field ip is related to the Brans-Dicke field </> by 

1 



= 2^V5 (4-90) 



and where the matter fields stress energy tensor is defined by 



^ Sg" 



:= (4.91) 



It is immediate to verify that (4.89) is indeed equivalent to (4.78). We also remark that in the action 

(4.88) we didn't include a potential term V{(p), which could appear in more general scalar-tensor 
theories having implications for the cosmological constant. 

We now wish to apply the random gravity framework to equation (4.89) and study its implications 
at the level of the random scale i = \Lp. The situation is now different from what we had considered 
in the previous chapters. Indeed the scalar field (/? (or equivalently (p) now affects the spacetime 
metric together with the other matter fields. It is thus expected that, in the problem of vacuum at 
the random scale, the physical metric will depend on the scalar field. A test particle or any physical 
field couple indeed to the metric but are nonetheless influenced indirectly by the scalar field since this 
does influence the metric. That this must be the case can also be inferred by the fact that the physical 
predictions in the Jordan frame we are using must be equivalent to those that one would find in the 
Einstein frame after a local units transformation (CT): in the Einstein frame the scalar field minimally 
couples to gravity and also couples directly to all matter fields; as a result of this a test particle would 
deviate from geodesic motion through the effect of an effective force induced by the scalar field [128]. 

Ad discussed in Chapter 2 we expect some effects related to the quantum fluctuations of the 
various fields in their vacuum state to be mimicked at the random scale by classical but randomly 
fluctuating fields. To see how these fluctuations manifest themselves we start by re- writing equation 

(4.89) in a more convenient way. Using VaV;,*^^ = 2((/?VaVf,i^ + Vat/^V^v?) the term containing (/?^ 
becomes: 

[Va^b^ - gabV VcV? ) = 2 gab +2 gab — 5— , (4.92) 



where □ = V^Vr. We define now 



1 ^ 
a := m — , 



where y^o is an arbitrary constant. The Brans-Dicke field is then represented as 

= 0oe'", with <^^:=\iipl (4.93) 



in such a way that the field a can later be employed to describe the vacuum random fluctuations at 
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the random scale. We have 



— = an and ^— = a-ah + otnah. 



Then equation (4.92) becomes 



1 



In terms of a the modified Einstein's equation now reads: 



Gab[g] = 2 {a-ab - gab^a) 



-2a 



200 



4^ + 6 



2 + e 



(4.94) 



which, as anticipated, correctly reduces to (4.69) for e = — 1 and ^ = 1/6. The constant 0o is related 
to the value of the gravitational constant in the particular units that one wishes to employ. 



4.4.1 Brans-Dicke field fluctuations at the random scale 

Equation (4.94) provides the basis to study vacuum at the random scale. We will employ the same 
technique that we used in our study of conformal fluctuations within GR and we will perform an 
expansion scheme up to second order. The fluctuations in the Brans-Dicke scalar field will be encoded 
in a, which we assume to be a small quantity. 

As a first step we consider the wave equation that holds for the Brans-Dicke field: 

acl>=-^T^"'l (4.95) 

Expanding the exponential to second order gives 

(f) = (/.oe^" = 00 [1 + 2a + 2a^ + 0(e=^)] . 
Equation (4.95) now reads in terms of a: 

□00 [1 + 2« + 2a' + 0{e')] = -^T(-), 
which can conveniently be rearranged as 

□a = -T("^) - Ua', 

200(407 + 6) 

and where we neglected third order corrections. Using now Dq;^ = 2{aDa + a'^a^c) we have 



1 

20o(4"J+6) 



;i + 2a)na = —— -T^"^) + 2a''a^, 



Multiplying by (1 + 2a) ^ and retaining only terms up to second order we find 

°« = OA (} ^^^ ^^""^ + 2«''«,c, (4.96) 
200 (4^^; + 6) 
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showing that the fluctuations field a satisfies a wave equation with a source that depends on the trace 
of the matter fields stress energy tensor and on an auto-interaction term 2a''^a c- 
It is in the spirit of the random gravity framework that the Brans-Dicke field should have spon- 
taneous vacuum fluctuations at the random scale due to its supposed quantum nature. These do not 
depend on other matter fields or energy sources. Accordingly we express the fluctuations field a as 



a 



A + B. 



(4.97) 



Here |y4| = 0(£:) is a first order field satisfying the homogeneous wave equation, while \B\ = 0{e'^] 
is a nonlinear correction that depends on the sources: 



nA = and UB 



1 



^)o(4a; + 6) 



(4.98) 



The first of these equation can be solved with Boyer random boundary conditions to yield a fluctuating 
field which we will denote by A. Thus the Brans-Dicke field at the random scale and up to second 
order is given by 



(f) = 0oe^° = 00 



1 + 2A + 2B + 2A'^ + 0{e^) 



(4.99) 



4.5 Expansion equations and vacuum solution 

We now proceed in expanding the equation 

'4^ + 6 



Gablg] = 2 {a,ab - gabOa) + -^T^f[g, V^] 

Z(P0 



1 /Se + e 
a adb ] a' a c 



, (4.100) 



taking into account that a = A + B. This equation establishes how the spacetime metric is affected 
at the random scale by the fluctuations in the Brans-Dicke field cf) and in all other matter fields ip. In 
general we expect that gab will indeed depend upon A nonlinearly. We thus write down an ansatz 
solution of the kind 



gab = rjab + hab + g^ab + 0{e^) 



Vab 



Jab 

^ab + hAr]ab 



k2Br]ab + hA\b + hAU + lab ) + 0{e'). 



(4.101) 



h=Oie) 



3(2)=0(£2) 



(2) 

Here the constants fci, k2, k^, k^ and the metric perturbations and are to be determined by 
imposing (4.100). The background has been chosen equal to r]ab in virtue of the discussion in Section 
2.6. 



4.5.1 First order solution 



Using the same notation of Chapter 2 we define S^j[a] := 2 {a-ab — gab^ce). This will be giving rise 
to both first order and second order terms which w 
expansion equation that follow from (4.100) reads: 



to both first order and second order terms which we denote by S^[^^ and H^^^ . Then the first order 



.1(1) 

^ab 



(4.102) 
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where 



We know from equation (3.4) that 2dadbA — 2r]abd'^dcA = G^^^[—2Ari]. Then, using hab = iab + 
kiArjab we have 

G^\^+ih + 2)Arj] = 0. (4.103) 

This can be easily satisfied by: 

h = -2, and Gillie] = 0. (4.104) 

In the TT gauge we thus have a wave equation for ^. As done previously this can be solved with 
fluctuating boundary conditions and we have the solution 

U = h'^b (4.105) 

representing vacuum fluctuations of GWs at the random scale. To first order the spacetime physical 
metric is thus: 

9ah = Vab + [h^^ - 2Ar]ab) + 0(5=^), (4.106) 

with 

hab = h^^ -2Ar]ab. (4.107) 
Moreover the GWs and Brans-Dicke field linear fluctuations are totally uncorrected, implying 

^Gw^ \ Q (4.108) 



4.5.2 Second order equation 

The second order equation is very similar to what we already studied in Chapter 3. Expanding the 
Einstein tensor and selecting the second order terms coming from = A + B] gives: 



Gil' [9^''] = -Gl? [h] - Gir^ [h] + [B] + J:T [A h] + [A] + ^Tj-^^'^ ^ , (4. 109) 

1 f8^ + e 



where 

(4.110) 



and where T^^^^*^^"* [7/^] is quadratic in the matter fields ip and contains otherwise the Minkowski tensor; 
note that the factor exp(— 2yl) does not add extra contributions to second order. 

To proceed we simply have to use the first order solution hab = — 2Ar]ab and make the various 
terms in the r.h.s. explicit. These are the same we already found in Chapter 3. Equations (3.26), (3.32) 
and (3.36) tell us immediately: 

_G(5'^)[/,ow _ 2i^] = 3h'^:'d^dJ - Vabh'''^'%d,A, (4.111) 
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and 



[/i^* - 2 At,] = - G':> [/i"*] - ( 2daAd,A + Vabd'Ad^A 



^(2)rT,GW 



(4.112) 



where the first equation holds for /i*^* in the TT gauge and where [dAdh'^'^]Q(2) indicates all the cross 
terms deriving from G^^-' . 

1(2) ~ 

The terms deriving from S^J^ [A, h] can be found by keeping just the second order terms in the 
expression 

j:l, = 2VadhA-2gabVnA. 
Using VadbA = dadbA — T^ab[9]dcA and the linearized connection 



(4.113) 



we have 



^1(2) 
-'ab 



-7]^'^ {dahbd + dbhad - ddhab) dcA + rjabV'^'^V^^ (ddhcf + dchdj - dfhdc) deA 

dc; 



2habd'd,A + 27]abh'"'ddd,A 



(4.114) 



where the last two term arise because Qab^^ = QabQ '^d ~ {Vab + hab){ri — h )V d- Using hab = 
— 2Ar]ab to eliminate hab, we get a series of terms involving cross products h'^^A plus terms 
quadratic in A. Explicitly and in an arbitrary gauge: 

E'}^^ [A, /i^*] = idaAdbA + 2rjab&'AdJ 



ab 



d'A [dah^J + dbh^J - ddh^^) - Vabd^A {d^h^J' + d'^h^J' - dfh^"^) 



Specializing to the TT gauge we have 

=4daAdbA + 2r]abd'AdJ 



(4.115) 



^T[A,h^ 



d'^A {dahf^ + dbh';:]' - ddh'l^) + 2h'l^d'd,A - 2r/,,/i™9daei 



(4.116) 



and we see that this coincides with the result (3.30) for Sab\A, /i*^*] in Chapter 3. 
By putting together the resuks (4.1 1 1) (4.1 12) and (4.1 16) we get 

) [i, - Glf ) A] - Gi? [/z^^, A] = 

= -Gab [h""^] + {^daAdbA + Vabd'Ad.Aj + 4 [r]abd'{AdJ) - da{AdbA)'\ + [terms (Sia/z^^ 

(4.117) 

where, from the results (3.50) and (3.51) derived in Chapter 3, the last two groups of terms are simply: 

4 Uabd'^iAdJ) - OaiAdbA)] = G^^[2A^ri] (4.118) 
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and 



terms {dAdh"^"^ ) = -G^^^ [2i/i°^] . (4. 1 19) 

Collecting together all these results, the second order equation (4.109) reads: 

G^hh""^] + + {dMA - ^r],,d'Ad,A^ (4.120) 



200 



where we used E^^'^ [B] = 2 {dadbB - gabd'd.B) = G^^ [-2Bri]. 

4.6 Second order equation solution 

To solve equation (4.120) we consider the ansatz for the second order metric perturbation: 

gT = hBvab + hA'vab + hAh';^^ + 
Then the second order equation can be rearranged as 

gI;' [ih + 2)B7] + ih - 2)A^r] + ih + 2)i/i°* + 7^''] = 

= ^^ir^^'^N - G^^h-^] + (e + (daAdbA - Ivabd'^AdA^ . (4.121) 

We see immediately that this can be satisfied with the choice 

^2 = —2, and = 2, /c4 = —2. 
In this case the physical metric up to second order is given by: 

9ab = Vab + h'^b - '^Avab + 2A^7]ab ' 2Ah^^ + - 2Br]ab, (4.122) 
where the second order metric correction satisfies the equation: 

GW[7(^)] = -i-T^«[^,/.«*,i]. (4.123) 
Z(Pq 

The effective stress energy tensor representing the effect of vacuum at the random scale is defined by 

T'^'^f^, i] := Tir^^'^fV;] - 200^1? [Z^^""] + 200 ^6 + (^daAd,A-^r^,,d'AdJ^ . (4.124) 

We see that, remarkably, the vacuum spontaneous fluctuations at the random scale of Brans-Dicke 
field, described by A, contribute through the usual Klein-Gordon stress energy tensor for a massless 
field and with coupling constant 

Cbd := 200 + = ^<Po (^l + uJ 

This is consistent with the fact that the equation d'^dcA = holds. 
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Following the discussion of Section 2.6 we will assume that 

T^[i!,h^'^,A]) =0 (4.125) 



at the classical scale. This implies that the yet unknown ingredient that can achieve the vacuum energy 
balance and bring it down to the observed almost vanishing value is included within the collection of 
matter fields ip. As a result, considering that 7*^^^ is not expected to have its own zero point sponta- 
neous fluctuation, it will simply represent an extra second order induced perturbation in response of 
the microscopic behavior of all the sources. As noticed in Section 3.5.2 ^ab can be found from the 
usual retarded Green's function and is expected to be slow varying in comparison to A, /i'^* and 'ip. 
The same kind of argument holds for the Brans-Dicke field fluctuations second order correction B. 
From (4.98) this satisfies 

DB = -T(™) + 2A'^A c = + 2A''A ^. (4.126) 

20o(4a; + 6) Cbd 

The source term has again a zero average. Indeed {A'^A^c) = because d'^dcA = 0. On the other 
hand we know from the discussion in Section 2.3.3 that the average of the trace of matter fields stress 
energy tensor is related to the effective cosmological constant. This again will be basically vanishing 
if the unknown ingredient for vacuum energy balance is included into tjj. As a result B will also be a 
slow varying perturbation in comparison to A, /i*^* and ip. 

To indicate specific, slow varying solutions for 'jab and B we employ the symbol ~. Thus the ex- 
plicit solution for the spacetime physical metric within a Brans-Dicke model, and quite independently 
of the details of the model as set by ^ (or u;), is given by: 

9ab = Vab - 2Ar]ab + 2A\b + h"^^ - 2Ah'^^ + 7!? - 25^, (4. 127) 

where d^dcA = and d^dch^ = for the GWs perturbation described by h^^ in the TT gauge. 
Moreover, noticing that exp(— 2/1) = 1 — 2A + 2A'^ + 0{e^) we can re-write the result more compactly 
as: 

gab = exp{-2A)r]ab + h^^ - 2i/i^* + 7^^ - 25^ + 0(£3), (4.128) 

where it is understood the the exponential is to be considered only up to second order. The emerging 
physical picture is that of a spacetime which presents a conformal modulation around a Minkowski 
background induced by the Brans-Dicke field linear perturbation; superimposed to this there is a 
totally independent and uncorrelated perturbation due to GWs. Extra perturbations include a cross 
term due to some form of interaction between A and h'^^ plus second order slow varying corrections 
that depend on the average behavior of the vacuum source defined in term of the matter fields ijj, h'^^ 
mdA. 



4.7 Discussion and outlook 

The main important conclusion is that the random gravity framework applied to Brans-Dicke theory 
predicts that the microscopic structure of the spacetime metric should present a conformal modulation 
in response to the linear part of the fluctuations in the Brans-Dicke field (p = (pQexp[2(A + B)], 
where \A\ = 0(e) and d^dcA = 0. The vacuum solution representing spacetime geometry has the 
structure gab = exp{— 2 A)r]ab + [h'^'^ terms]. The extra terms, also including second order slow varying 
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corrections, depend on h^^, describing gravitational waves fluctuations, are uncorrected to the terms 
in A. As far as the dephasing problem studied in Chapter 1 is concerned this is important because, 
in a first approximation, we can assume that the conformal term exp{—2A)r]ab and the extra terms 
affect a test particle independently. The prediction is thus that, beyond a possible dephasing effect 
due to interaction with GWs, a quantum particle should suffer extra dephasing due to the conformal 
modulation of the metric. We stress that, as proven in Chapter 3, this is not expected to occur within 
standard GR. Thus it is a precise prediction of the Brans-Dicke theory (and possibly of more general 
scalar-tensor theories) that dephasing of a quantum particle due to spacetime conformal fluctuations 
should occur. 

The treatment has now gone all the way back to where we started: in Chapter 1 we proved quite in 
general that a quantum particle interacting with a conformally modulated metric gab = ^^f]ab where 

= 1 + 2A + and with A satisfying the wave equation should suffer dephasing. In the case of 
vacuum fluctuations at the random scale this is quantified by equation (1.56). The key feature behind 
this result is the fact that the conformal fluctuation induce an effective nonlinear newtonian potential 
given in equation (1.8) as V := {CiA + (72^4^) Mc^. 

We now see how the Brans-Dicke theory can provide such a physical scenario, independently of 
the value of the Brans-Dicke parameter cu specifying the model. In particular the wave equation for 
^4 is a direct consequence of the wave equation governing the dynamics of the Brans-Dicke field 0. 
The fact that the conformal factor is now mathematically given hy Q = exp(—A) rather then 1 + A 
as we considered in Chapter 1 doesn't affect in any major way the conclusion that leads to dephasing. 
Indeed the explicit form of the Klein-Gordon equation for a minimally coupled massive Klein-Gordon 
(J) still reads, like in (1.2), 

vA<p='-L^<P-2da{\nn)d'^<j,. (4.129) 



The squared conformal factor = exp(— 2^4) still leads to a quadratic potential. We remark that 
the situation is now actually simper than before. Indeed the extra term containing In Q now simply 
contributes to the effective potential through an extra linear term in A. The analysis in Chapter 1 
showed in general that the linear part of the potential does not contribute to the dephasing at all. 
Following the derivation of the potential in Chapter 1 and using = exp(—A) we can now conclude 
that, within the Brans-Dicke framework, the effective potential that can induce dephasing is 

V = A^Mc^. (4.130) 

The maximum dephasing is thus given, as in equation (1.55), by 



5py 



Po 



3 A3 \MpJ \Tp 



MYT 



(4.131) 



To conclude we observe that the structure of the effective stress energy tensor in equation (4. 124), 
including the backreaction due to the conformal fluctuations, seems to suggest that a possible zero 
point energy balance mechanism could be obtained for a suitably negative and large value of the 
Brans-Dicke coupling parameter uj, in which case the Brans-Dicke field would be equivalent to a 
ghost. This of course would require fine tuning, but indicates nonetheless that further research in 
this direction, possibly exploring scenarios involving more general scalar tensor theories than Brans- 
Dicke and modeling the matter fields contribution to vacuum energy more realistically, will be worth 
pursuing. 



Appendix A 



Stochastic scalar waves and generalized 
Wiener- Khintchine theorem 

In this appendix we work out some general results used in Chapter 1 and related to scalar- stochas- 
tic waves. We focus on the case of interest of a scalar, real stochastic field satisfying the wave 
equation in three-dimensional space. The main result is the generalization to a spacetime defined 
random process of the Wiener-Khintchine theorem, relating the autocorrelation function to its 
power spectral density ^(ti;). We also derive general relations allowing to estimate a variety of 
interest statistical quantities, such as the field mean squared amphtude, through suitable integrals 
involving S{uj). 



A.l General solution to the wave equation 

Let be a scalar field defined on spacetime. Working in units with c = 1, the solution to the wave 
equation (V^ — 9j^)0(x, t) = can be written as 



(x,t) 



(2vr)= 



d^k^{k,t)e 



ikx 



where 



k,t) = / d^x0(x,t)e" 



ikx 



(A.l) 



(A.2) 



and where G L (M ). The Fourier coefficients take the general form 



(k,t) = a(k)e-*'=* + 6(k)e 



ikt 



(A.3) 



for some complex functions a(k) and b(k) and where k := |k|. These can be obtained by Fourier 
transforming 0(x, 0) and 0f (x, 0) := dt(p{x, 0). It is indeed straightforward to show that 



a(k) 
b{k) 



(fx 
(fx 



(x,O) + -0t(x,O) 
(x,O)-^0i(x,O) 



-ikx 



-ikx 



(A.4) 
(A.5) 
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The general solution can thus be written as 

1 



(x,t) 



(A.6) 



A. 1.1 Real waves 

It is readily shown that (f) is real, that is = 0*, if the following condition is satisfied 

a(k) = b*{-k). 



(A.7) 



It follows from equations (A. 4) and (A. 5) that, if 0(x, 0) and 0t(x, 0) are real, then 0(x, t) is real for 
any t. In this case the solution takes the form 



0(x, t) = J d?k [a(k)e'('^-"-^*) + a*(-k)e'('^ "+^*)] G M. 

Taking the real part it is easy to show that 

0(x,t) =Re0(x,t) = — ^ / rf^A;{[2Rea(k)]cos(k-x- H) + [2Ima(-k)] sin(k • x + A;t)} 

(2vr)'^ J 



(A.8) 



(A.9) 



A. 1.2 Decomposition in components traveling along different directions 



Considering the general solution (A.6), swapping k to — k in the second term and splitting the inte- 
gration over d^k into the solid angle part dk in the 2 dimensional space and the magnitude part k we 
have 



(x,t) 



rfk / dkk^ 



a(k)e 



ifc(k-x— t) 



6(-k)e 



-«fc(k-x— t) 



(A. 10) 



(27r) , ,0 

Using spherical coordinates k(i9, <y9, /c) in momentum space and employing the notation a^{k) : 
a{'d, Lp\ k) and h_-^J^k) := 6(7r — + vr; A;), we define the directional wave along (/?) as 



(k-x/c-t) := 



(27r)3 7o 



(A.ll) 



where for clarity we have restored the speed of light. The general solution can thus be written accord- 
ing to the directional decomposition 



x,t) = / dk0j^(k- x/c-t). 



(A. 12) 



A.2 Stochastic waves 



The scalar field satisfies the wave equation but has a stochastic nature. We are now going to extend 
the general results of the previous section to this interesting case. The advantage of the directional 
decomposition (A. 12) is that the wave traveling in 3D space can be seen as the superposition of signals 
propagating in all possible directions. Once a given direction is chosen we are practically dealing with 
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a function of just one time variable k ■ x/c — t. In this section we thus consider some elementary 
properties of stochastic signals of one single variable t. 

A.2.1 Average and correlation properties of the fluctuations 

Consider a generic stochastic process 0(t). The precise outcome of the variable (p at time t is unpre- 
dictable. Nevertheless its properties can be well defined in a statistical sense. At time t we can ideally 
think of an ensemble of values for distributed according to a probability density pt(0) in general 
depending on time and such that pt{(f))d(f) gives the probability that the actual value at time t is 
found to be between and + dep. The average value of at time t is defined as 



(0(t)) := / Pi(0)0ci0. (A.13) 



([0(t)]2>:= M<P)<P'd<p. (A.14) 



The variance is defined as 



Equations (A.13) and (A.14) are not enough to completely describe a stochastic field in a statistical 
sense. It is also important to know whether and how the value of at time t' > t is related to the 
actual value (p had at time t. In principle the probability of having the particular outcomes 0(t) and 
(l){t') is governed by a joint distribution function pu'{(l>, 4>')- Then the quantity pu'{<P, 4>')d(j) dcp' gives 
the probability for to have values lying between and + (i0 at time t and between 0' and 0' + dcp' 
at time t' . The first order autocorrelation function of 0(t) can then be defined as 

R{t - t') := (0(t)0(t')) = I Ptt'{<P, 0')00'##'. (A.15) 



If the probability of having the value 0(t') is completely independent from the previous outcome 0(t) 
then 

Pu'{(p,(p')=Pti<P)pA(p') (A.16) 
and the stochastic process described by 0(t) is said to be perfectly uncorrected. In this case 

(0(t)0(t')) = (0(t)) (0(0) • (A.17) 

Higher order autocorrelation functions can also be defined. The second order correlation function is 
given by 

R"{t-t') := ([0(t)]2[0(t')]'> = / pu'{(pA')<P^<l>'^d<f)d<f)'. (A.18) 



Finally, if two different stochastic processes 0i(t) and 02 (t) are given, their correlation function is 
defined as 

g{t - t') = (0i(t)02(t')) = j qwi^U 02)0102^01^02, (A.19) 

where qtt'{4>i-, 02) is the joint probability distribution for the two stochastic processes. The processes 
are perfectly uncorrected if 

(0i(t)02(t')) = (0iW)(02(t'))- (A.20) 

All the mean quantities defined in this section through the underlying distribution functions are called 
ensemble or statistical averages. 
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A.2.2 Characterization of the stochastic waves 

We now go back to the scalar wave equation but we consider the situation in which is stochastic 
wave. For our purposes, the interesting statistical properties of the process are specified once the av- 
erage value at different spacetime points and the autocorrelation properties are known. As explained 
above it is impossible to predict the value that the field will have at the location x at time t. Nonethe- 
less it is conceptually possible to consider many measurements of the values that the stochastic wave 
takes at nearby spacetime points. This would ideally gives an a posteriori knowledge of a particular 
realization of the process. We indicate this with 0(x, t), representing a concrete sample function of 
the underlying stochastic process. Since we are interested in the case in which this models the con- 
formal fluctuations of vacuum spacetime, we will assume the stochastic process to be stationary, i.e. 
all mean properties do not depend on time. Moreover, because of Lorentz invariance, all the mean 
properties cannot depend on the space location either. In the non-relativistic formalism employed in 
Chapter 1 the space and time continua are split: in the following we assume the stochastic process 
underlying the conformal fluctuations to be ergodic with respect to time and 3 dimensional space. 
By this we mean that ensemble averages are assumed to be equal to time or space averages taken on 
any given sample function representing the process. The time and space averages are thought to be 
obtained through integrals of the kind (/ d^x . . .) / and (/ dt . . .) /T, where T := C/c. The scale 
£ is small from a macroscopic point of view but still supposed to contain many wavelengths. It can 
be identified with the classical scale defined in chapter 1 (see table 2.1). 

Our main goal is to derive a generalization of the Wiener-Khintchine theorem linking the power 
spectrum to the first order autocorrelation function. This will enable us to evaluate expectation values 
of the field at different spacetime points like (0(xi, ti)0(x2, t2)). We proceed by steps, reviewing the 
standard theorem holding for a stochastic functions of three variables first, and generalizing it to the 
case of a stochastic wave propagating in AD spacetime. We assume that a particular sample function 
representing the stochastic process can be written in analogy to (A. 12) according to 



in such a way that the wave equation is satisfied. Some care must be taken in using the Fourier 
expansions relations of the previous section. Indeed, for a given t, (p is not in general a square 
integrable function belonging to /.^(M"^). To circumvent this problem, given a sample function of the 
process and for any given t, we define 




(A.21) 




X, t)e 



(A.22) 



where V^ is a 3D cubic domain of side L 



Then, the function 




(A.23) 



satisfies the wave equation provided that 



0^(k,t) 



a^(k)e-^'=* + 6^(k)e*' 



(A.24) 



These expressions will be used later while taking the limit with L ^ oo. 
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A.3 Wiener-Khintchine theorem for a stochastic process 
A.3.1 Standard 3D case 

Consider a complex stationary stochastic function 0(x) in 3-dimensions. Its Fourier transform over 
the compact domain of volume is given by 

4>^{k) := I d^x(t){^)e-'^-''. (A.25) 

The mean power spectral density over this interval is defined by 

5^(k):=-i(0^(k)*0^(k)). (A.26) 

In the limit L ^ oo we have 

S(k) := lim 5^(k). (A.27) 

L— >oo 

The autocorrelation function of 0(x) for any two values xi and X2 = xi + ^ is given by 

C{i) = (0(xi)*0(x2)) (A.28) 

satisfying 

C{-i) = C{^y. (A.29) 

Consider now 



(0^(k)>^(k)\ = / (fxj rf3x2(0(xi)*0(x2))e 



where (A.25) and (A.28) have been used. Since d?xi = L^, we have 

{^(^^(k)*(^^(k)^ =L^ j C{^)e-'^-^. (A.30) 
In the limit L ^ oo, we see that 

S{k) = [ £^Ci^)e~'^-^. (A.31) 



That is, the power spectral density ^(k) is the Fourier transform of the autocorrelation function C(^). 
Conversely, 

= ^ I d'kS{k)e^''<. (A.32) 
These two equations express the well known WK theorem. 
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Real functions 

If 0(x) is real it follows from (A. 28) that the correlation function C(^) is also real, and hence (A. 29) 
becomes 

= (A.33) 

Inserting this into (A.31), we get 

Sik) = j d^i C(|) cos(k ■ I). (A.34) 

This implies that the spectral density S{k) is even 

^(-k) = Sik). (A.35) 

Therefore, (A. 32) becomes 

C(|) = — i- / d^kSik) cos(k ■ I). (A.36) 



{2nf 

A.4 Generalized Wiener-Khintchine Theorem for stochastic waves 

Consider now a complex, ergodic time-dependent stochastic function 0(x, t) in an 3-dimensional 
space with time t, satisfying the wave equation [d^ — V^)0(x, t) = 0. We now assume that the 
autocorrelation function of 0(x, t) for any two events (xi,ti) and (x2,t2) = (xi + ^,ti + r) is a 
function of ^ and r given by 

C(tr) = (0(xi,ti)*0(x2,t2)), (A.37) 

and having the property 

C(-^,-r)=C(|,r)*. (A.38) 

For any fixed choice of xi and ti, it follows from the definition (A.37) that C(^, r) also satisfies the 
wave equation, i.e. 

{dl-W\)C{tr) = Q. (A.39) 
Assuming that, for any r, C(^, r) belongs to L^(M^) and using equation (A. 6) we have, 

r) = j £k [a(k)e-*^" + /3(k)e^^'"] e^'^'f (A.40) 

The correlation function satisfies 

C{-i, -t) = ^ j £k [a{k)e''^ + me-^'^] e'^'^'^ (A.41) 

C{t t)* = j d'k [a(k)*e*'=" + /3(k)*e-^'="] e"'''-^. (A.42) 

From (A.38), (A.41), (A.42) we see that 

a(k)* = a(k), pik)* = (3{k) (A.43) 
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i.e. both a(k) and j3{k) are real. Considering that the process is stationary the power spectrum cannot 
depend on time. Setting r = 0, we have that (A.40) correctly reduces to (A. 32) if 

5(k) = a(k) +/5(k). (A.44) 
A.4.1 Evaluation of a(k) and /?(k) 

To determine a(k) and /3(k) let us consider the stochastic process for some fixed time to- From 
equations (A. 23) and (A. 24) we have 

<p\^,to) = j (i3fc0^(k,^o)e^'^■^ (A.45) 

with 

0-^(k,to) = a^(k)e-^*^*» + 6^(k)e^*^*°. (A.46) 

We are thus dealing with a 3 dimensional stochastic process and we can use the results of Section 
A.3.1. Exploiting the fact that the stochastic process is stationary we define mean power spectral 
density as 

5(k):=^Um^l /" rfto-^(0^(k,to)*0^(k,to)). (A.47) 
Substituting equations (A.45) and (A.46) we get 

5(k) = lim ^ [ dto ([a^(k)*e*'=*o + 6^(k)*e-^*^*«][a^(k)e-^'=*" + 6^(k)e^'=*°]) 

L,T^oo T Jq 

= lim 1 rdtoi^/|a^(k)|' + |6^(k)|' + 2Re[a^(k)6^(k)*e-2^'=*«" 

L,T^oo I Jq Li \' 



= 2im — ^|a^(k)| + |6^(k)Q. (A.48) 
Comparing (A.48) with (A.44) we have 

a(k) = 2im -l(|a^(k)|') (A.49) 
lim 



/3(k)= lim i-(|6^(k)|'\ (A.50) 



and 



^(k)= lim ^(|a^(k)|' + |6^(k)n. (A.51) 



A.4.2 Real functions 

If 0(x, t) is real we know from (A.7) that a^(k)* = k) and equation (A.40) becomes 
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and 

^(k)= lim ^(|a^(k)|'+ |a^(-k)r), (A.53) 



implying that S(k) is even, i.e. S'(k) = 5'(— k). Moreover, from (A. 52) we see that a*(k) = k), 
implying that C(^, r) is real. Swapping k to — k in the second integral in (A. 52) we have 



C(er) = ^2i^^-^^y" d'k |a^(k)|%^('^-«-^-) + |a^(k)|%- 



■j(k-4-fcT) 



1 , 1 



lim ^( / d='A;2|a^(k)|\os(k-^- A;r) 



(27r)3 L-.00 L3 

This reduces to (A.36) for r = if 

^(k) = lim A/L^(k)|'\. (A.54) 

To summarize the main result of this section, we have found that the generalized Wiener- Khintchine 
theorem for a real, stationary stochastic scalar wave takes the form 

C{i, t) = -J— [ d^k S(k) cos(k ■ ^ - kcr), (A.55) 
{2TTy J 

where we have restored the speed of light and where the mean power spectrum is defined in (A.54). 

A.5 Correlation properties of wave components in different di- 
rections 

The results that we have come to establish allow to show that wave components traveling in different 
directions are uncorrelated. We evaluate (0*(xi, ti)0(x2, ^2)) using equation (A. 21) and we have 

C{tr) = (0*(x,t)0(x + tt + r)) = y y dk' (k ■ x/c - t) ^^'([k' ■ x/c - t] + [k'-^/c-r 

(A.56) 

Using the Wiener- Khintchine theorem in its form as given by (A.40), restoring the speed of light, 
swapping k to — k in the second integral and splitting the d^k integral in its angular and magnitude 
parts we can write as well 

1 r 

ikcT _|_ a(\^\pikcTl^ ik-^ 



C(|,r) = ^^ / ^'^[«(k)e-*'''" + /5(k)e''='=T e 



j ci3A;[a(k)e'('^-«-^'^") + /5(-k)e-*('^-^-'^"")] 

I dk rdke[a{k)e'^<''<''-^^ + (3{-k)e-'^''^''-^'''-^ 
(27r) J Jo 
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Therefore 



Cit r) = J dkC^ik ■ l/c - r), (A.57) 

where we defined the correlation function in the direction k as 

C£(k-|/c-r) := — — / rfA:A;2[at(A;)e*'=^(''-«/^-^) + /5_k(A:)e-*'=^('^-^/^-^)], (A.58) 
l-^^J Jo 

with a^^{k) := a(k) and I3_^jji) := k). The two equations (A.56) and (A.57) must be equivalent. 
This implies at once the following equation 



t (k ■ x/c - t) 0t,([k' ■ x/c -t] + [k' . l/c - r])) = 5(k, k') Ct(k ■ i/c - t) (A.59) 

or, equivalently, since k • x/c has the dimensions of a time, 

<0^(t) + ^)> = ^(k, k') Ct(r). (A.60) 

We thus see that the fluctuating field can be resolved into components along different directions 
represented by completely uncorrelated functions of just one time variable. 

A.5.1 Real functions 

If is real equation (A.60) translates to 

(0kW0k'(^ + ^)) = '^(k,k')Ct(r), (A.61) 

with 

1 f°° 

a{T) = —— dkPSik)cos{kcT), (A.62) 
i^V Jo 

as deduced from equation (A. 55). 

A.6 Isotropic power spectrum and field averages 

In general wave components traveling in different directions can have different autocorrelation prop- 
erties. However, in the case relevant to us and connected to vacuum conformal fluctuations, the 
isotropy of space implies that the spectral density is also isotropic, i.e. S(k) = S{k). In this case we 
can introduce a single isotropic correlation function defined as 

1 f°° 

C(T):=—— dkk^S(k)cos(kcT) (A.63) 
(27r)3 Jo 

and (A.61) simply becomes 

(0kW0k'(^ + ^)) = ^(k,k')C(r). (A.64) 
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We conclude this section by deducing a useful formula for the mean squared amplitude. Using equa- 
tions (A. 64) together with (A. 12), this follows as 

Thus we have 

(02) = AttCo, (AM) 
where Cq, the peak of the autocorrelation function, follows from (A. 63) as 



oo 



Co -=77^, I dkPSik). (A.67) 







The power spectrum appears to be the most fundamental quantity related to the stochastic waves. 
Indeed, once S{k) in known, the correlation properties, as well as all other sort of averages of the 
fluctuating field can be calculated. For instance, equations (A. 66) and A.67 can be combined to yield 



{<t^') = J^sJ d'kSik). (A.68) 

An analogue result holds more in general for a complex and non isotropic stochastic process. 

It is also useful to deduce two expressions for the averaged time and space derivatives of the field. 
Exploiting the fact that the stochastic process is ergodic and stationary we can write (for arbitrary 
complex and non isotropic signal) 

(9*0*9*0):= lim ^[d'x^f rft9*0^(x,t)*9*0^(x,t). (A.69) 
Using equation (A.23) the right hand side gives 

r.h.s. = ^^fim^-^ j £x^£ dt j d% j d'k2 (9#(ki,t)*9#(k2,t))e*''-('^^-'^^), 

(A.70) 

where the statistical average ( ) has been inserted to deal with the stochasticity in the Fourier coef- 
ficients 0^(ki, t). Integrating over the space variable and using the properties of the 6 function this 
gives 



1 , 1 1 '•^ 



r.h.s. = ^fim^ I?fJo I "^'^^ ' "^'^^ {dt4>\^i, tydt4>\k2, t) ) 5{\^2 - ki^ 



(A.71) 

Um^ — - y dt j d'k (9*0^(k, t)*9t0^(k, t)) . (A.72) 



Finally using equation (A. 24) to express the Fourier coefficients we have 



r.h.s. = -^ lim r dt /d=^A; (9i[a^(k)*e^'^* + 6^(k)*e-^'=*]9*[a^(k)e-^'=* + fe^(k)e^'=*]). 



(A.73) 
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Performing the derivatives and the time integration we finally get the result 

1 

(2^ 



{dtcl>*dt(t)) = --^ / (fkeSiX). (A.74) 



A perfectly analogue calculation allows to find 

(V0* ■ V0) = j d'k eSik). (A.75) 

A.7 Treatment of the term T4 in the effective Schrodinger equa- 
tion 

In this last section we sketch a semi-qualitative argument by which we can infer the behavior of the 
extra term T4 appearing in the effective Schrodinger equation (1.5). 

This term reads T4 = —ih (^A — AA^ — ihv (A — AA .^) ^, as derived in Section 1.2. Let us 

write the conformal field A, in the isotropic and real case, as: 

A^ j d\i ' ''dkk^a{k)e'^^^ ''-''\ (A.76) 

where the upper cutoff is set by the particle resolution scale Lr. The power spectrum is basically 
proportional to the square of the Fourier component a{k). For S{k) ~ 1/A; we have a{k) ~ A;"^/^, so 
that the effective coefficient appearing in the expansion is k'^a{k) ~ k^^"^. Thus the short wavelengths 
close to the cutoff give the most important contribution. For this reason we can approximate the field 
as ^ 

A^Jdkj^ ""dkk^/^Aik- kA)e'''^^''-'''\ (A.77) 

where the function A(/c — /ca) is peaked around a typical wave number fc^- This can in principle 
be selected in such a way that the average properties of (A.76) are equivalent to those of (A.77). 
Effectively we get: 

A^ J dkkA^/^e'''^^^-''-^'\ (A.78) 

so that the conformal field is approximated as a fast varying and isotropic random signal characterized 
by a single typical wavelength \a = 2n/kA- In relation to the fluctuations ability to affect the particle, 
this will be close to the particle resolution scale, i.e. we put \a = nL^i, with k, > 1. From (A.78) we 
now have: 

A ^ -tkAcA = —cA = —A, 

where we used Lr = h/Mc. The space derivatives yield: 

A^ ^ ikA^I"^ I dkLe'^^^^-''-'*^ = 0. 



Using these two relations in (1.6) yields the result (1.7). 



Appendix B 

Technical derivations related to Chapter 1 



This Appendix reports some technical derivations related to Chapter 1. In the first part B.l we 
show that the kinetic and potential parts of the Hamiltonian give separate, additive contributions to 
the Dyson expansion and can be considered separately. In B.2 we report the details of the second 
order calculation leading to the most general expression (1.22) for the density matrix evolution. In 
B.3 we prove an approximate integral identity which allows to achieve an important simplification 
of the final result. Finally, in B.4 we briefly outline the analysis of the fourth order term in the 
Dyson expansion and show how this is expected to yield a vanishing contribution, at least in the 
case of vacuum fluctuations. 



B.l Separability of the kinetic and potential part in the Dyson 
expansion 

The potential energy of a particle of mass M due to its coupling to the conformal fluctuations is 
y(x, t) = Afc^(CiA(x, t) + C2A^). Using the spectral theorem for hermitian operators the corre- 
sponding abstract operator representing the interaction part of the hamiltonian can be written as^ 



where n(x) = |x) (x| is the projection operator on the space spanned by the position operator eigen- 
state |x). 

We now proceed to show that, up to second order in the Dyson's expansion, the kinetic and 
conformal part of the hamiltonian give additive contributions to the average evolution of the density 
matrix. This fact provides an important simplification and the kinetic part is simply responsible for the 
free evolution while the dephasing effect solely depends upon the fluctuating part of the Hamiltonian. 
Since H{t) = H° + H^if), the linear terms of equation (1.10) containing UiiT) and UliT) do not 




(B.l) 



'indeed, using the 5 function properties, it is easily verified that H^{t)\:x) — y(x, t)|x). This impUes H^^,{t) = 
(x|i7i(i)|x') = V(x,i)(5(x-x'). 
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pose any problem. Turning to the second order terms we have 



f>2(T)pc 



T 

d, 

^0 



^ ( f dt fdt' 



rf3yy(y,t)fl(y)+^0 



X 



rfV^(y',t')n(y') + ^° 



Po). (B.2) 



This expression can be simplified using the standard properties of the projectors operators. Going to 
the position representation and exploiting the fact that 



d'yV{y,t)\y){y\ 



(B.3) 



the matrix elements [(lJ2{T)p, 



/Jxx' 



(x|(t/2(T)po)|x')read 



/ XX' 



T rt 



^0 



dt I dt' 



(x|V(x,t) + (x|i/^ 



d'y'V{y\t')il{y')+H' 



Po|x') 



T rt 



^0 



dt / dt'l (V(x,t)V(x,t'))Pxx'(0) + (x|(i/°)Vo|x') 



+ (y(x,t)) (x|^%|x') + (xi^y dV(^(y',0)n(y')Po|x') 



(B.4) 



where pxx'(O) = (x|po|x'). Since the statistical properties of the conformal fluctuations A are sta- 
tionary and spatially homogeneous and the potential V is quadratic, its average will take on a finite 
value, say (V^(x, t)) =: Vq. As we will discuss more in details later on, the precise value depends on 
the spectral properties of the conformal fluctuations, as well as on the cutoff parameter that sets the 
boundaries of the random scale. We have 



T rt 



dt I dt'\ (y(x,t)\/(x,t'))Pxx'(0) + (x|(ffO)Vo|x') 
" Jo Jo 



+ ^(x|iy°po|x') + K)(x|^° 



dyUiy') 



Po|x') 



= -^J/^J/^'^ (V^(x,t)V^(x,t'))Pxx'(0) + (x|(#°)Vo|x') + 2K)(x|^Vo|x')}, (B.5) 

where in the last line we used the fact that the position eigenstates |x) form a complete set, as ex- 
pressed by the projectors identity J d'^y'Il(y') = I. Performing the time integrals in the last term and 
going back to the abstract operators notation we finally have 



f/2(T)po> = [f/2(T)]opo + ( U2{T) 



J 1 



Po 



-^H Po, 



(B.6) 
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where we defined the second order kinetic and potential propagator as 



0\2 



2h? 



1 



T rt 



[f/2(T)]i := J^dt dt'H\t)H\t'). 



(B.7) 



(B.8) 



Of course, in equation (B.6), the statistical average appears only in the term depending upon the 
potential propagator \U2{T)]i. 

The calculation of the term (^pqUI{T)^ can be carried on in the same way since U2{T) = Uli'^) 
and yields the final result 



Pot 



UliT))=pomT)]l + (po fe(T) 



t\ VoT' 



The last term (Ui{T) pQUi{Ty ) must be considered separately 



f/i(T)pof>i(T)t 
T r 



1 



dt 



d^yV{y,t)Ii{y) + H'^ 



X po X I dt 
'o 



d'y'V{y\t')U{y') + H' 



Taking the matrix elements we have 



[/i(T)pot>i(T)t 



T i-T 

dt 
Jo 



^{ I dt I dt'{^\[V{^,t)+H^]po[V{^',t') + H^]\^') 



(B.9) 



(B.IO) 



T pT 



-J^ dt (^(x,t)V(x',t'))Pxx'(0) + (x|^r%/70|x') 



+ (V(x,t)) (xlpoi^V) + (xli^VoIx) {V{^',t')) }. (B.ll) 
Performing the time integrals in the last term and going back to the abstract operator notation yields 

{HT)PoUiiTy) =[UiiT)]oPo[UiiT)]l + ([?7i(T)]ipo[t>i(T)]l) + ^Po^° + ^^Vo, 

(B.12) 

where we defined the first order kinetic and potential propagator 







h 



(B.13) 



and 



mm ■■= H\t')dt' 



(B.14) 

Substituting now equations (B.6), (B.9) and (B.12) into equation (1.10) we see that the cross terms 



T 
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containing the operators poH^ and if po cancel out and the average evolution for the density matrix 
follows as 

PT = [pt]o + [pt]i, (B.15) 

where 

[Pt]o := Po + [UiiT)]oPo + Po[Ui{T)]l + [?72(T)]oPo + [?7i(T)]opo[?7i(T)]S + po[U2{T)]l (B.16) 

[Pt]i := (po + [f/i(T)]iPo + Po[t>i(T)]l + [U2{T)]iPo + [Ui{mpo[U,{T)]\ + PolMnl) ■ 

(B.17) 

We thus see that, at least up to second order in the Dyson expansion, the kinetic and the potential 
parts contributions to the density matric evolution can be calculated separately. We also remark that 
this result is independent of the precise form of the operator In our present case though we have 
= /2M and equation (B.16) simply describes free evolution. Equation (B.17) on the other hand 
will describe dephasing. 



B.2 Nonlinear part of the potential and density matrix evolution 

In this section we prove the result (1.22) for the general evolution of the density matrix. In Chapter 
1 we showed that only the nonlinear part of the potential, i.e. C2Mc^A^, gives a non vanishing 
contribution, coming from the second order terms in the Dyson expansion (B.17). This means we 
need to evaluate explicitly the terms U2{T)pq, tJi{T)pQlj\{T) and pq(jI{T), where the propagators 
are given in (B.8) and (B.14) (for simplicity of notation here we do not indicate [ ]i for the potential 
propagators). 

Let us start to evaluate {U2{T)pq) for C2Mc^A'^. We have explicitly 



f>2(T)pc 



'^£dt I d'y\y){y\iyt' I d'y'\y'){y'\ 



rfk4(t-yk) 



X 



dk'f^,it'-y-k') 



Po- 



(B.18) 



To carry on the mean we write 



1 2 



dkf^{t-yk) 



dkdKf^it-yk)f^it-yK) 



(B.19) 



in such a way that 



dkf^{t-yk) 



1 2' 



dk'f^,{t'-y'-k' 



(B.20) 




dkdKdk'dK' - y . k) /^(t - y . K) - y' . k') f^,it' - y' ■ K') 



The four angular integration variables k, K, k', K' are independent and care must be used in evaluat- 
ing the multiple mean while applying the statistical properties listed in Section 1 .4. 1 . While perform- 
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ing the integral, the four angular variables will take on all possible values and the explicit form of 
the averaged integrand will depend upon these. In most of cases, for example if k 7^ (K, k'and K'), 
the integrand simply vanishes since it involves at least one uncorrelated directional component. For 
a correct evaluation, the quadruple integral must be spit into a sum of various integrals where the 
integrand is properly expressed in order to take into account all possible reciprocal values of angular 
variables. Below we list all the possible combinations that can occur. For a more compact notation 
we use := t — y ■ k, r^, := t' — y' ■ k' and := t — y ■ K and r^, := t' — y' ■ K'. Keeping in mind 

that the directional components characterized by k and K depend on the unprimed coordinates t, y 
while those characterized by k' and K' depend on the primed coordinates t', y', there are three main 
sets of possibilities: 

51. If k = K and k' = K' then we need the second order correlation function defined in (1.18) as 

we are dealing with the squares of two directional components at the same point. At the same 
time, if k 7^ K or k' 7^ K' then the mean yields zero thanks to the statistical properties (1.15) 
and (1.17). The occurrence of all these possibilities is summarized by expressing the integrand 
as 

5(k,K)5(k',K') ([4(r)]^[4,(r')]^> = 5(k, K)5(k', K') {l + 6{k,k') [R"{t^ - r!,) - l] 

(B.21) 

52. If k = k' and K = K' then we are dealing with means of products involving a given direc- 

tional component at different points. In this case we need the autocorrelation function and the 
integrand can be expressed with the help of (1.16) as 



{kir)h,ir')) (/K(r)/K.(r')) = 5(k, k')5(K, K')i?(rj, - r!,)i?(rK - r^,] 
S3. If k = K' and K = k' then we have in a similar way 



5(k,K) 

(B.22) 



l-5(k,K) 

(B.23) 



We remark that the cases S2 and S3 are indeed complementary to SI, since they occur when k 7^ K 
and k' 7^ K' (in which case S 1 yields zero) while giving a non vanishing contribution. We also notice 



that the extra delta function factor 



5(k,K) 



in (B.22) and (B.23) has been introduced in order 
k' = K'. Indeed this situation involving only one 



to have a vanishing integrand when k = K 
directional component must be properly expressed with the second order correlation function and, as 
such, it is already included in S 1 . 

Given these rules the multiple integral in (B.20) must be correctly split into the sum of three 
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integrals 



dk dK dk' dK' ( 4(t - y . k) /^(t - y . K) 4, it' - y' • k') {f - y' ■ K') 



JJJJdkdKdk'dK' 6{k,K)6{k',K')^l + 5{k,k') R"{t - t' - y ■ k + y' ■ k') - 1 } 



+ dkdKdk' dK'6(k, k')6{K, K')R{t - t' - y -1^ + y' ■k')R{t - t' - y -K + y' ■ K') 1 - 5{k, K 



+ dkdKdk' dK'S{k, K')6(k, k')R{t - t' - y • k + y' • K')i?(t - t' - y • K + y' • k') 1 - 5{k, K 



where we also re-expressed explicitly the arguments of all the correlation functions and with Ji, I2 
and I3 defining respectively the three integrals corresponding to the possibilities SI, S2 and S3. These 
integral must be evaluated one by one. Since the integrand in Ji doesn't depend upon K or K' we use 
the fact that / dK5{k, K) = 1 and / dK'5{k', K') = 1 to get 



Ii= dkdk' h+5(k,k') i?"(t-t'-y -k + y'-k') -1 



We can now integrate with respect to k' and we get three terms. Since / dk' = An we find 

Ji = [dk |47r + R"[t-t'-k-{y- y')] - 1 1 . 



(B.24) 



To evaluate I2 we start by integrating over k' and K' to obtain 

h=JJdkdKR[t-t' -k-{y- y')] x R[t - t' - K ■ {y - y')] 1 - 6{k, K) 

Carrying on the integration with respect to K this yields two contributions 



l2=j dk^j dKR[t-t' -k-{y- y')] x R[t - t' - K ■ (y - y')] - - f - k ■ (y - y')] 
The integral gives exactly the same result and we can write 

l2 + h = 

2j dki^j d-kR[t - t' -k-{y- y')] x - t' - K ■ (y - y')] - R^[t - t' -k- {y - y')] | . 

(B.25) 

To further simplify equation (B.18) and perform the space integration with respect to y and y', 
it is useful to go to the position representation and evaluate (f/2(^)Po)xx' '■= (x| {U2{T)po) |x'). The 
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density matrix po operates on the ket |x') while the projection operators act from the right on the 
bra (x| producing delta functions. By investigating the structure of the right hand side in (B.18) it is 
easily seen that the effect of integrating with respect to y first and y' next is to transform all the y and 
y' comparing in the arguments of the correlation functions into x, in such a way that all the factors 
containing the difference y — y' disappear. Therefore the following results hold 



A|y)(y| /rfV|y)(yUi 



(x| dk{A7r-l + R"{t-t')}. 



A|y)(y| / A1y)(y| {h + i 



{x\J dk2{4:7i - l)R'^{t ~ t'). 



We can finally plug these back into equation (B.18) which gives, in the position representation 



U2{T)po 



[ dt f dt' [ dk {47r - 1 + R"{t - t') + 2(47r - l)R'^{t - t')} , 
Jo Jo J 

(B.26) 

where Pxx'(O) ■= (x|po|x'). Since U2{T) = U2{T)\ the evaluation of the second order term 
{PoU2{Ty) would proceed in exactly the same way to yield 



(B.27) 



Finally we must consider the remaining second order term (Ui{T) pQUi{Ty \ . This reads explic 



itly 



(f7i(r)poC/i(T)t) = ^-^^ -(j/tj^ dt' J d^y\y)(y\y dkf^{t-y-k)^ x po x J y' \y' ) {y' \ ^ dk' f^, {t' ~ y' ■ k' ) 

and it should be noticed that the both time integrals run from to T. The main difference when 
compared to (B.18) is that the density matrix is now 'squeezed' in between space and directional 
integrals defining the potential. For this reason it is convenient to go to the position representation 
and carry out the integrations with respect to y and y' and evaluate the statistical average afterwards. 
This gives 



(7i(T)pot/i(T)t 



I dt j dt' I I dkf^^{t-yi-k) X I dk' 4, {t' - x' ■ k') 



The statistical average has the same structure as in (B.20) and the result can be read off equations 
(B.24) and (B.25) by simply replacing y and y' with x and x'. Byl defining 



Ax := X - x' 



(B.28) 
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we have 



f/i(T)po?7i(T)t) ^ ClM^^Alp^A^) y ^ 4^ _ 1 ^ - f - k ■ Ax) 



(B.29) 



+ 2j dKR{t-t' -k- Ax) X R{t-t' -ii- Ax) -2R^{t -t' -k- Ax) | . 

Bringing together the resuh (B.26), (B.27) and (B.29) into the genera Dyson expansion expression, 
we get a formula for the evolved density matrix at time t: 

P^^'[T) = Pxx'(O) ^ / dk 



1 2^ dt dt' [{in - 1) + R"{t - t') - 2R\t - t') + 87iR\t - t')] 



T pT 

dt / dt' 
Jo 



{An - 1) + R"{t - f - k ■ Ax) - 2R\t - f - k • Ax 



+ 2jd'kR{t-t'-k-Ax)xR{t-t'-K- Ax) | 



(B.30) 



This seemingly complicated expression, involving multiple time integrals and directional integrals of 
the first and second order correlation functions can still be simplified significantly using the result 
proven in Section B.3: 



2 I dtf dt'f{t -t')- [ dtf dt'fit - t' - k ■ Ax) = 0, 



^0 



^0 



(B.31) 



holding for an even function / and for T ^ k ■ Ax. 

Since the first and second order correlation functions are even functions of their argument we see 
that the first three time integrals in (B.30) involving the quantities (An — l), R"{t — t') and — 2i?^(t — t') 
are precisely in the form (B.31). Therefore their contribution vanishes and the general formula for the 
density matrix evolution finally reduces to 

P..'{T) = p,,,(0) ? °^ ^ ' Idk I dt I dt' 



^0 



AirR^it -t')- / dK R{t-t' -k- Ax/c) x i?(t - t' - K ■ Ax/c) 



(B.32) 
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This can be written in a slightly more compact form as 



Pycx.'[J- ) — Pxx'lUj — X 



^2 



dt ! dt'R\t-t') 
Uo Jo 



T pT 



dk dK dt dt'R{t -t' -k- Ax/c) x R{t-t' -K- Ax/c) 



IStt j j jo jo 
which is precisely the expression (1.22) 



(B.33) 



B.3 An integral identity 

In this appendix we prove that the result 



dt 



2 / dt'f{t -t')- / dt'fit - t' - k ■ Ax) 

JO 



used in Section 1.5.2, holds for an arbitrary even function f and in the limit k ■ Ax/T 
0. 



For simplicity let A := k ■ Ax. Defining the variable r := t — t' we have 

fdt'f{t-t')= fdrfir), 
Jo Jo 



while, with r := t — t' — A, 



dt'fit -t'-A)= / drfir) = / rfr/(r) - / dr/(r) 

Jt~A~T Jo Jo 



Introducing the primitive of f{t) 



we can re-write / as 



F{t) := drfir) 
Jo 



1 = 2 [ dtF{t)~ I dtF{t-A)+ I dtF{t- A-T). 
Jo Jo Jo 

Performing a further change of variable z := t — A the second integral reads 

T pT-A pT-A p~A 

dtF{t-A)= I dzF{z):= / dzF{z)- dzF{z). 

J-A Jo Jo 

Performing a similar operation on the third integral we obtain 

/■T pT-A p-A p-A p~T-A 

1 = 2 dtF{t)- j dzF{z)+ / dzF{z)+ / dz F{z) - / dzF{z). 
Jo Jo Jo Jo Jo 
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Now we use the information T ^ A and f{t) = f{—t). As an elementary consequence we have that 
F{t) = -F{-t), implying that 



dTF{ 



T 



dTF{r) 



Approximating T ± A ^ T and swapping the sign of the upper integration bound appropriately we 
have 



T 

dzF(z) 



I dzF{z) 
Jo 



1 = 2 dtF{t)- j dzF{z)- / dzF{z 
Jo Uo Jo 

The integrals from to A can all be neglected exploiting again the fact that T ^ A and we obtain 

I ^2 [ dtF{t) - 2 I dtF{t) = 0. 
Jo Jo 

The result is exact in the limit A/T 0. 



B.4 Fourth order term in the Dyson expansion 

The fourth order propagator in the Dyson expansion (1.10) would be given by 

f/,(T) := (^I^y^dt^'^J^' dt^'^J^' dt(3)^*'dtW^(t(^))i^(t(^))i^(t(3))i^(tW), (B.34) 
implying a fourth order term in the expression for the density matrix evolution given by 

~ / dt^^^ / / ^^(3) / ^^(4) / ^3y(l)|y{l)^^y(l)| . . . / ^3y(4)|y(4)^^y(4)| ^ 

' Jo Jo Jo Jo J J 
Since the potential isV = Mc^{CiA + C2A^) the average yields one term proportional to A^: 



(\/(y«,t(i))\/(y(2),t(2))y(y(3),t(=^))\/(y(^),t(^))>^ 



where rW := t(^) -y« -k^*). This requires knowledge of the four-point correlation function, involving 
the average of the product of four directional components evaluated at different points. For a real 
random process having a zero mean and gaussian distribution the four-points function reduces to 
[137, 138]: 

+ (4a)(rW)4(.)(r(^^)>(4(2)(r(^^)4(3)(r(^^)>. 
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We can now use equation (1.16) to express the 2-point correlations: 



<5(k(i\k(2))i?(r(i) - r(2))5(k(3),k(4))i?(^(3) _ ^(4)) 
+5(k«,P))i?(r« - r(3))5(k(2),k(4))i?(^(2) _ ^(4)) 



(2) _ ^(3)^ 



' — r 



This implies that the term T4[y4Q] deriving from ( U^po ) has the structure: 



UK 



where all upper bounds in the time integration can be set equal to T by appropriate normal ordering 
[69]. By carrying out one of the two angular integrations we have: 



Jo Jo 



The double time integral can be simplified using the general result (1.28) and we have 



rfk«^^ + r)] (0)T 



n 2 



where denotes Fourier transform and r := — k*^^) ■ (y^^^ — y*-^^). The Fourier transform can be 
evaluated using that R{t + r) = C{t + t)/Cq. Then 



1 

^ [R{t + r)] {oj) = — dtC{t + r)e- 

L^O J-oo 



■iujt 



1 



2Co(2vrc)3 7o 



, dw' I dt Lu'^ S (uj')e-''^^ cos to' (t + T) 
Co[27rcY Jo J_oo 

OJc f'OO 

duj' / dtJ'^S{J)e-'^^ 

J ~oo 

oo 



iu)'{t+T) _|_ g-i<^'{t + T) 



Integrating with respect to t gives 

TT 



(ia;'a;'25(a;') 



dt 



^i(ui' ~ui)t ^iuj't _|_ c^'— io^'r 



5'[i?(t + r)] 



Co(27rc)3 70 
This vanishes for u > uj^. For = we have: 



^ m + r)] (0) 



TT 



Co(27rc)3 

Carrying out the frequency integral and using the properties of the b function we have: 



B.4. Fourth order term in the Dyson expansion 



118 



In the interesting case S (x 1/uj this tends to 0, in such a way that T4[Ao] — > and the fourth order 
Dyson expansion term doesn't give any contribution. 



Appendix C 



Zero point energy density and pressure of 
matter fields in the free field approximation 



In this Appendix we estimate the zero point energy density and pressure of a typical matter field 
in its vacuum state as described within the random gravity framework. The special case of a scalar 
massive field with a Klein-Gordon stress energy tensor is considered as a simple model and used 
to derive the expression for the vacuum power spectral density introduced in Section 1.7. 



C.l Modeling the zero point energy of a massive scalar field 

Estimating the total amount of vacuum energy in a rigorous way is a nontrivial QFT problem: within 
the Standard Model, vacuum energy density is estimated to be given by, at least, three main contribu- 
tions [103]: (i) vacuum zero-point energy plus virtual particles fluctuations, (ii) QCD gluon and quark 
condensates (iii) Higgs field. With the following calculation we want to get a first approximation es- 
timate, by neglecting fields interactions and by describing the free-field configuration as a collection 
of decoupled harmonic oscillators of frequency 



where k is the norm of the spatial wave vector k and m is the mass of the field quanta under examina- 
tion. This is quite accurate for the EM field but it is likely to be quite a crude approximation for e.g. 
the QCD sector. By doing so we are neglecting higher order contributions to the vacuum energy den- 
sity as well as the nonlinear and strong coupling effects of QCD and a detailed treatment of the Higgs 
fields. Nonetheless we expect to obtain a meaningful lower bound estimate to the vacuum energy. 

We consider an arbitrary matter field of mass m within the Standard Model. We calculate a lower 
bound to the associated vacuum energy density by estimating the overall energy density resulting 
from the summation of the zero point energies of all frequency modes, up to the random scale cutoff 
set by ^ = XLp. 

We model each independent field component as a scalar field with mass m and associated Klein- 
Gordon stress-energy tensor 



(C.l) 




(C.2) 
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From this we see that 0^ has the dimension of force. Regarding as in its zero-point fluctuating state, 
we shaU assume it to be stationary over spacetime and having an isotropic spectral density S^{k). In 
Appendix A we have shown that the mean squared field is given by 

Furthermore, the mean squared time derivative (p^t = ccf)^ satisfies 

(0,?)= / ^'^""'kSm (C.4) 
and the mean squared gradient (V0)i := 0.j for i = 1, 2, 3 satisfies 

(|V0|'> = ^ / ^'^^'^<^(^)- 
It follows from (C.l), (C.3), (C.4), (C.5) that 

(r0a) = -^(0,?) + im') = (100 . (C.6) 

Using (C.4), (C.5) and (C.6) we see that the mean stress-energy tensor given by (C.2) becomes 

{T^n = M») ' (C.7) 

which yields the effective energy density 

P = (Too) = ^(0,?) = ji^sjd'k ^S,ik) (C.8) 

and the effective pressure 

P=l(T\) = ^(|V0O = I d'keS^ik). (C.9) 

A useful combination follows from (C.l), (C.8) and (C.9) as 

1 Tfi^C^ f 

p-3p=^-^ J d'kS^k). (C.IO) 

The spectral density S^{k) itself can be determined through the well-known zero point energy 
density expression 

1 f ,3, 



that adds up contributions from all wave modes of 0. This amounts to neglecting, in a first approx- 
imation, the virtual particles non linear terms due to the matter field interactions. Comparing (C.8) 
and (C.l 1) we see that the spectral density S^{k) takes the form 

sm = (C.12) 
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Substituting (C.l) and (C.12) into (C.8) and (C.9) and integrating using / cfk = A-n j dkk^ up to 
the cutoff value kx = we obtain 



47r2./n V ^2 ' 

and 



' dkk\ c^k^ + ^, (C.13) 



Introducing the dimensionless variable y := — , we can rewrite (C.13) and (C.14) as 



2ir 



and 



2ir 



,4 



^2- 



127r2 \ X J Jo " ^ 
in terms of the Planck energy density pp and the effective mass of the field in units of Mp/\, i.e. 

(A/p/A) • 

For mA ^ 1 we can approximate (C.15), (C.16) by 



71"^Pp Pp ( fn 



4A2 V Mf 

and 



(C.17) 



up to C([mA/Mp]'^) terms. This approximation is physically well justified. The heaviest particles in 
the Standard Model are the quark top, with nit ~ 173 GeV, the weak bosons W^, with m^yi ^ 80 
GeV and the Z boson with uiz ~ 91 GeV. All the other particles have m < 1 GeV. Being the Planck 
mass of the order of 10^^ GeV, it will be mx ^ 1 as long as the cutoff parameter satisfies A < 10^^. 
This is a safe upper bound, as the stochastic classical conformal fluctuations are expected to have a 
cutoff which should not exceed A ^ 10^ — 10^ [23, 36]. Within this approximation, by subtracting 
(C.17) and (C.l 8) we get 

P-3p=^f^V. (C.19) 



2A2 VM, ^ 

This relation can also be obtained directly from the right hand side of (C. 10) by following through the 
steps leading from (C.13) to (CIS). 



Appendix D 



Autoconsistent theory of metric 
perturbations over a curved background 

In this Appendix we review tlie theory of small perturbation over a general curved background 
geometry. We start by the standard results holding for linear perturbations upon a Minkowski 
background and then we look in detail at the more general case, originally studied by Isaacson [43, 
44], in which fast varying small perturbations propagate upon a smooth slow varying background 
that they themselves contribute to set up through their energy density backreaction. This material 
is at the base of the material presented in Chapter 2 and should be read prior or in conjunction to 
it. 



D.l Perturbation theory on a flat background 
D.1.1 Linear approximation 

We start by reviewing the standard linearized gravity theory over a flat background [1, 139, 119]. In 
a situation where gravity is week one can write the metric as 

9ah = riab + hab (D.l) 



where the metric perturbation hab is smaU, i.e. it is possible to find some global inertial coordinate 
system of rjab where its components satisfy \h^,j,\ ^ 1. To first order in the perturbation the inverse 
metric is given by g'^^ = 77"^ — h"-^ + 0(2), where indices are raised by r]ab, e-g- h"-^ = rf'^^rf'^hcd- 
The Christoffel symbol and the Ricci tensor are in general given by 



^"ab = ^9"^ {dagbd + dbQad " ddQab} , (D.2) 

Rab = dcT'^ab — daT'^cb + ^'^ab^'^cd — ^'^db^'^ca- (D.3) 

Then to linear order in hab it is 

T'ab^'^ := Iv"'' {dahbd + dbhad - ddhab] , (D.4) 

■■= dcT'ab^^'^ - daV'J^^ = \d^dbhac + \d^dahbc - ^d^hab ' \dadbK (D.5) 
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where h := rj h^b is the trace of the perturbation. 

The linearized Ricci scalar is given by i?*^^^ := ri°-^R^^b ^'^^ linear part of the Einstein tensor 
follows as 

<^ab --Kb - 2^abn'- 

= ^d^dbhac + ^d^dahc - ^d^'dchab - ^dadbh - ^riab {d^d'^hcd - d^d^h) . (D.6) 

This defines a linear operator whose action on an arbitrary symmetric tensor Xab of type (0, 2) (i.e. 
with two covariant indices) will be indicated through the notation G^^^ [x\- 

This framework is appropriate to describe the propagation of GWs whose self-energy is so small 
that it doesn't produce appreciable curvature. In empty space Einstein's equation reads Gab = 0. In 
the linear approximation one has the usual equation for the small metric perturbation hab, G^^fj [h] =0. 
By defining the trace reversed perturbation hab ■= hab — ^Vabh, with h = —h, this simplifies to 

Gab [h] = -\d''djiab + \d'dbhac + \d'dahba - ^Vabd'&'Kd = 0. (D.7) 

As it is well known this simplifies to the free wave equation when the Lorentz gauge condition 
d''hab = is imposed. This can always be done by exploiting the gauge freedom of GR related to the 
group of diffeomorphisms. In the linear approximation the gauge freedom is given by 

hab h'ab ■■= hab + daVb + ObVa, (D.8) 

where Va is an arbitrary vector field that generates the coordinate transformation. The tensors hab and 
h'ab represent the same physical perturbation since their components are related, to first order, by a 
coordinate transformation. The linearized classical vacuum Einstein's equation in the Lorentz gauge 
reads 

d'dchab = 0. (D.9) 

As it is well known, this equation admits a class of homogeneous solutions which are superpositions 
of elementary plane waves, i.e. 

habix; k) := Aab{k) e*(k-x-t) ^ Aatik) e"'^^", (D.IO) 

where ka = {to, k) is the wave vector. The wave equation implies that this is a null vector, i.e. |k| = cu. 
The complex amplitude ^^^(k) satisfies the constraint k"'Aab = 0, due to the Lorentz gauge. 

D.l. 2 TT gauge 

With the metric perturbation put in the Lorentz gauge it looks as if all the degrees of freedom of the 
metric perturbation are radiative, as they all obey a wave equation. However this is an artifact due 
to the choice of gauge. It can be shown that only the traceless and transverse part of the metric per- 
turbation involves radiative, physical degrees of freedom. The remaining components obey Poisson 
like equations and are thus not radiative. For a proof see e.g. [119]. In particular, for a globally 
classically vacuum spacetime, it is always possible to exploit the residual gauge freedom to impose 
the TT gauge, in which the metric perturbation satisfies the conditions: 



ho^ = 0, (/i = 0,l,2,3); h = h\ = 0; d'hij = 0. 



(D.ll) 
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Because of the traceless condition, in the TT gauge, it is hat = hab- This gauge shows clearly that 
GWs only have two degrees of freedom, linked to their two possible polarization components. This 
can be seen clearly, e.g. by considering a plane wave propagating in the z direction, for which the TT 
metric perturbation has the form 

/ 

_ h+ 
"'^ /ix -h. 
\ 

where the two quantities := h^xit — z) and /ix := hxy{t — z) represent the two polarization 
components of the wave. 



0\ 




0/ 



(D.12) 



D.1.3 Second order corrections 

The inclusion of second order terms in the Ricci tensor becomes necessary when one wants to assess 
the backreaction energy on spacetime due to the presence of GWs. This is not a trivial problem, the 
main reason being that in OR the spacetime metric plays both roles of 'stage', or background for 
physical processes, and 'actor'. Any formalism in which one wishes to identify the actor with GWs 
only, then will also require to identify somehow a background. A satisfactory answer to this problem 
was given by Isaacson [43, 44], whose formalism is presented in Section D.3. 

We notice that the approach of this section, based on the linear approximation gab = Vab + hab, has 
a flat Minkowski background. As we now show, one can still carry the analysis to second order, thus 
identifying a background correction due to the presence of linear GWs. Since these however satisfy 
the flat spacetime wave equation, this approach gives a good approximation only when this correction 
is so small that the related curvature effects upon the GWs propagation can be neglected. 

Substituting gab = Vat + hab into (D.3) and retaining terms up to second order yields [1, 139] 

Rab ■■= I h'^dadbKd - h^''d,di^ahb)d + \ {daKd)dbh^'' + {d''h\)dydhc]a + \ ddih^'d.hab) 

- ^ id'h)d,hab - {ddh'" - \ d^h)d^ahb)c, (D.13) 

where ( ) and [ ] denote respectively symmetrization and antisymmetrization. 
The classical vacuum Einstein's equation Rab\g\ = now would read 

R'a,l[h]+R'S[h]+O{3) = 0. (D.14) 

Since the first order equation gives Rl^ij[h] = 0, (D.14) cannot be satisfied but for the trivial case 
hab = 0. This simply means that one is forced to introduce a second order metric perturbation h^^,j 
and consider a metric of the form 

gab = Vab + hab + /^ib^ • (D. 15) 

Then the second order expansion of the Ricci tensor yields 

Rab = [h] + [h^'^] + [h] + 0(3) = 0, (D.16) 



D.l. Perturbation theory on a flat background 



125 



which implies that the second order metric perturbation satisfies 

R^2\h^'^ = -R^hh]. (D.17) 

General second order expansion of the Einstein tensor 

To put equation (D.17) into a form that resembles Einstein's equation we can find the trace of equation 
(D.l 6) for the Ricci tensor: 



"'R'allih] + V^'R^^[h^'^] + V'^R'aM] - h^'R'a^ih] + 0(3) 



= R^^^[h] + + R(^)[h] - h^'R^Jlh] + 0(3), (D.18) 

where we defined the n-th order Ricci scalars by i?*^") := ri°-^R^^^ . By using Gab = Rab — ^gabg^'^Rcd 
and keeping terms up to second order the Einstein tensor can be expanded as: 

Gab = + + + Gif\h] + 0(3), (D.19) 

where the linear tensor O'^^ defined as 

G^2[-]--=R'ai\-]-\vabR^\l (D-20) 

and the quadratic tensors G^^^ and G'^I^^^ by 

G^;h-]:=R^;h-]-\riabR^%i (D.21) 

Cif V] := \^abh^'RtI[h] - \habR^'\h]. (D.22) 

The linear Einstein tensor general expression is given in equation (D.6) in terms of the trace reversed 
linear metric perturbation, while the second order part can be built starting from equation (D.13) for 
the second order terms of the Ricci tensor. For convenience we re- write those expressions below: 

G^ab [h] = -\dPdchab + \d''d,Kc + \&'dX, - ^VabO'd'^h^ (D.23) 

Rabih] := ^ h'^dadbKd - h'''d,d(^ahb)d + \ {daK,)dbh''' + {d''h^)dl,K]a + ^ da{h'^d,hab) 

- ^ {d'h)d,hab - {ddh'" - \ d'h)d^ahb)c. (D.24) 

It is important to note that the above expansion (D.19) for the Einstein tensor is general. It also 
holds in the general case where matter enters Einstein's equation on the r.h.s. through its stress energy 
tensor Tab- However, in the case of classical vacuum it is Tab = 0, so that Gab[g] = implies the 
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following set of equations: 

(D.25) 

Note that, in this case, it is G^^^^^^h] = because hab satisfies the classical vacuum linearized Ein- 
stein's equation. 

Note that, up to second order in perturbation, the second order equation can be cast into the more 
suggestive form 

Gab[Vab + h^^]=8TTtab[h], (0-26) 

where we have defined the 'source' tensor 

tat[h]:=-^G^^[h]. (D.27) 

This suggests that one may interpret tab[h] as the GWs backreaction stress energy tensor causing a 
correction to the background geometry. Once again, it is important to note that GWs propagate on the 
flat background according to the linear equation, in such a way that this scheme is satisfactory only 
when the metric correction h^^jj is very small and its influence on the propagation of the GWs can be 
ignored. 

Properties of the backreaction effective stress energy tensor 

The main properties of tab[h] that would suggest considering it as the effective stress energy tensor 
of GWs are: (1) it is quadratic in hab, (2) symmetry and (3) conservation with respect to the flat 
background, i.e. d°'tab[h] = 0. In particular this second property is true if hab satisfies the classical 
vacuum linearized Einstein's equation. 

However the main problem towards such an interpretation is that tab[h] is not gauge invariant, 
i.e. under a gauge transformation hab hab + 29(af6), the expression for tab[h] does not remain un- 
changed. This means that, for two observers whose coordinates and metric perturbation components 
are respectively x'^, h^^ and x^' := x'^ + 5v^^, h' := h^^ + 29(^5fj,), where 5va is an infinitesimal 
vector field, the quantities t^y [h] and t^^ [h'] are not the components of the same tensor. 

While some global quantities such as the total energy E = too[h](Px, where S is a spacelike 
hypersurface, can be shown to be gauge invariant for asymptotically flat metrics i^ab + hab [1], one 
would in general wish to be able to define some meaningful local notion of stress energy tensor 
associated with GWs. 

This can be achieved, e.g., by defining a suitably averaged tensor as it is done, among other 
authors, by Isaacson in his important work of 1968 on Gravitational radiation in the limit of high 
frequency [43, 44]. This is the object of Section D.3. Before that, we review in the next section a 
more general formalism for an arbitrarily large perturbation over Minkowski spacetime. 
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D.2 Non CO variant exact definition of gravity 'stress energy ten- 
sor' 

Further insight into the nonlinear structure of GR and the inherent backreaction effect can be obtained 
by writing the exact Einstein's equation in a non manifestly covariant form [139]. This is done by 
choosing a quasi-Minkowskian coordinates system, in which the metric components are written as 

9tiu = ViMu + H^^. (D.28) 

The perturbation component H^^ are not assumed to be small but they fall off to zero at infinity. 
The part of the Ricci tensor linear in H^i, is given of course by [H], where R^^u [ ■ ] is the oper- 
ator defined in (D.5). In this coordinate system, the exact Einstein's equation with a matter source, 
G^„[g] = 8nT^„, can be written as 

8nr^u[H], (D.29) 

(D.30) 

and with the linear operator G\tJ [ ■ ] defined in (D.6). 

Equation (D.29) has the expected form for a spin 2 field H^^, suffering a self-interaction as dictated 
by the 'source' term t^u[H] := T^u + t^iu[H], which depends nonlinearly upon H^^. As Weinberg 
suggests, if one decided to view if^^ as the gravitational field, then the tensor tfj_,^[H] would be 
the candidate to represent gravitation's stress energy tensor. We remark that the above dynamical 
equation is exact, even though not manifestly covariant. Indeed it is based upon an a-priori choice 
of one coordinate system in which the metric components (7^^ are simply re- written as rj^^ + H^j,^, 
thereby defining the observer-related gravitational field H^y. 

The main properties that the matter plus gravitation 'stress energy tensor' t^j,[H] enjoys are: (1) 
symmetry, (2) conservation, i.e. d^T^y[H] = 0, as implied by the linearized Bianchi identity obeyed 
by G^i^ulH], (3) if one computes tn,,[H] as a formal power series, the first term is quadratic in H^y 
and given by 

tAH] = {G^;^[H] + G^^y^lH]} + OiH% (D.31) 

where are the operators G^fj [H] and G^J^[H] are defined by equations (D.21) and (D.22). Of course 
the third and higher order terms in H^i, would account for gravity self interaction. A fourth important 
property enjoyed in general by t^i,[H] is that of being (4) Lorentz invariant [139]. 

Though not manifestly covariant the above formalism is exact. The link to the perturbation ap- 
proach over a flat non-dynamical background of Section D.l can be found when gravity is weak and 
\Hij.u\ < 1, by expanding 

H,. = + /ig) + /ig) + . . . (D.32) 
Since G^i^j [ ■ ] is linear, equation (D.29) reads 

G^il[h] + + 0{h') = Svr |t,, - i- {GfAh] + G';!]^[h]] + 0(/.^)| , (D.33) 

and where the metric tensor expansion also appears implicitly in the expression for T^^. In the classi- 



G«[iJ]=87r{T^, + V[i/]}: = 

where we defined 
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cal vacuum case T^y = and G^J];,[h] = 0. By equating equal order terms, the above equation yields 
of course 



D.3 Isaacson's perturbation theory on a curved background ge- 
ometry 

The material in this section is based upon Isaacson papers [43, 44] as well as the review paper by 
Flanagan [1 19] and Gravitation [140] by Wheeler and co-authors. 

D.3.1 Slow varying vs. fast varying components: the main assumptions 

The perturbation approach over Minkowski spacetime given in the previous sections suffers of a 
serious limitation problem: in the weak field limit and for classical vacuum, the GWs as described by 
hab and satisfying the linear wave equation G^^^ [h] = propagate on a flat background; the formalism 
is therefore suitable only to describe situations in which the spacetime geometry is essentially flat to 
0-th order. 

However, there are situations in which classical vacuum spacetime geometry may be highly curved 
by itself, even at the lowest order of approximation. This can be the case for, e.g., the neighborhood 
of black holes, a neutron stars or a collapsing supernovae. If GWs are also present, one would require 
a formalism allowing to study their propagation on an arbitrary curved background geometry. This 
also seems to be desirable to study the vacuum random Einstein's equation (Section 2.3) in situations 
where the background curvature due to the net vacuum energy amount plus standard non-vacuum 
matter in a given spacetime region cannot be ignored. 

Isaacson devised a suitable method that works well in the case of high frequency GWs and which 
is based upon a suitable split of the spacetime geometry gab into a background g^jj and a perturbation 
hab- The split defines the background geometry as the smooth, slow varying part of gab, while the 
GWs are defined as a high frequency, fast varying superimposed perturbation. 

A meaningful definition for the local energy content of the high frequency perturbation can be 
given by means of a suitable spacetime averaging procedure, originally introduced by Brill and Hartle 
[141]. Isaacson shows that the resulting stress energy tensor is quadratic in hab, gauge invariant and 
can be identified with that of massless spin-2 field if the perturbation hab satisfies the GWs equation 
on the curved background. This result is important for the work presented in this thesis and the details 
are reported in D.3. 3. 

The key assumption behind Isaacson paper is that the GWs perturbation must have high frequency, 
in such a way that their typical small wavelength i can be used as a formal expansion parameter. 
A perturbation is defined to have a high frequency whenever its wavelength is much shorter than 
the typical radius of curvature L of the background geometry. It is important to note that the case 
9ab — Vab implies an infinite radius of curvature, so that the standard flat background expansion 
scheme presented in Section D.l is a very special case of Isaacson more general framework. In that 
case 'high frequency' simply means 'all frequencies' ! 

To help visualize the physical situation involved, one may think of an orange's skin: the overall 
shape represents the curved background geometry, while the small scale ripples represent the GWs. 



Gi}[h] = 0, 

G';}[h^'^] = -G^M 



(D.34) 
(D.35) 



D.3. Isaacson's perturbation theory on a curved background geometry 



129 



The amplitude of the GWs is assumed to be small but this doesn't imply that their energy content 
also must be small: in fact the formalism is also suited to describe situations in which the GWs 
energy content is the only cause of the background geometry curvature. We refer to this as to the 
autoconsistent case. 

D.3.2 GWs propagating on a curved background: autoconsistent case 

Isaacson framework can be implemented by splitting the spacetime metric as 

Qah = 9ab + ^Kh, (D.36) 

where the slow varying background geometry g^^^ varies on a typical scale L, while the high frequency 
component hab, representing the GWs, varies on a typical scale £ <^ L. The fact that the GWs have a 
small amplitude is embodied in the choice e <^ 1. This ensures that the laboratory geometry has only 
microscopic fluctuations. 

Orders of magnitude estimates 

The background metric components are assumed to be of order = 0(1).' The metric derivatives 
then have the typical magnitudes dg^ / L and dh ~ h/£. To lowest order the effective energy 
connected to the GWs and acting as a source in Einstein's equation is of order {sjiY, while the 
background curvature is of order Because of Einstein's equation and the fact that other 

sources beyond GWs in general may curve the background one has 

> (D.37) 

implying that 

e < £/L < 1. (D.38) 

The case in which no other causes of curvature are present beside GWs implies the equality e = 
i/L. This relation can be used to estimate the order of magnitude of the various quantities involving 
derivatives that define the Ricci tensor. Since it is L = 0(1), (^^^ = 0(1) and hab = 0(1), it follows 
that i and e are small parameters of the same order and one can deduce the following orders of 
magnitudes estimates: 

dagl = 0{l), dadf,g^, = Oil), dah, = 0{l/e) d^d^K, = Oil/e^). (D.39) 

The autoconsistent framework implies that we want to study a situation in which all of the back- 
ground curvature is produced precisely by the backreaction energy of the GWs. We thus set e = i/L. 

Ricci tensor expansion 

By expanding the Ricci tensor Rabid] = Rab[g^ + ^h] in powers of e one obtains, in a similar way to 
what happens in the flat background case, 

Rab + eh] = R^^ + eR^^ + e'R^^ + e^iif , (D.40) 

'By definition, / = 0(£") means that one can find a constant < C < oo such that / < Ce" as e goes to zero. Then 
/ = 0(1) simply means that / has a finite value that does not depend on the smallness parameter e. 
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where 

R^^ := Rakig''] (D.41) 
is the full Ricci tensor of the smooth, slow varying background geometry while 

Rab ■■= I (V^Vfe/lac + Wahc - VVchab " V.Vah) (D.42) 

and 

+ I Vdih^'V^K,) - i {V'h)V,K, - [Vdh"" - \ V^/i) V(, V- (D-43) 

In the above expressions Va is the covariant derivative of the background geometry c^^, which is 
also used to raise or lower all indices, in such a way that, e.g., = (^^""V a and h = g^"" hab- The 
linear operator R^^J reduces to the flat background expression (D.5) when g^^ rjab and V ^ d 
and the same happens for the quadratic operator R^^fj which reduces to the expression (D.13). Note 
however that in the general background case the order in which second covariant derivatives appear 

(3+) 

is important. Finally, the higher order term i?^^ is simply defined by equation (D.40). 

The fact that the formal expansion parameter e appears in (D.40) should not deceive. Indeed the 

(n) 

various i?^^ terms are not of the same magnitude, and this must be carefully assessed before one 
can write down the approximate Einstein's equation order by order. By using e = i/L, the estimates 
(D.39), and by inspecting the structure of the various Ricci tensor components it is found: 

1/^^ = 0(1), (D.44) 

eR^^ ~ g^'-'d'ieh) ~ e/f = 0{l/e), (DAS) 

e^R'^jj ~ ehg^'^d^ieh) ~ e^f = 0(1). (D.46) 

Moreover it is possible to verify that e^R^^^^ = 0{e) so that it truly represents a small correction. 
The important point about the above estimates is that they show how the background curvature and 
^"^R^ab which will be connected to the GWs local energy density have the same order of magnitude. 
In particular, even though ehab is small, the associated energy needs not be small. Note also that, 
correctly e^R^^^ is smaller than eR^^^ by a factor e. 

Einstein's equation expansion 

Einstein's equation in classical vacuum reads Rab[g] = 0. Collecting together terms of the same order 
in the Ricci tensor expansion (D.40) yields: 

i?lJ[/.] = 0, (D.47) 

governing the GWs propagation upon the background g^j^ which they themselves produce according 
to 

where for convenience we have set e = 1. 
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Isaacson showed that, in the high frequency limit, the theory enjoys gauge invariance similar to 
that of the linearized weak field limit and given by hat — * hab — V(af6)- In order to exploit the 
gauge freedom the linear equation (D.47) is re-expressed in terms of the trace reversed perturbation 
hab ■= hab — ^dabh- By exploiting the following properties of the Riemann tensor and of the covariant 
derivative, holding for any scalar function / and any tensor Tab'- 

VaVbf = VbVaf, 

(VaVb - VbVa)Tcd = Rabc'T^d + Rab/T,„ (D.49) 
Rabcd Rcdabi Rabcd Rbacdi Rabcd Rabdci 

equation (D.42) yields 

V'^Vchab - loab^^'V^h - 2V(^bV'ha)c ' '2R%\ji'^ - 2R^^Ji,f = 0. (D.50) 

The gauge freedom can now be exploited to obtain a traceless and transverse perturbation satisfying 
/i = and V^hac = 0. In this gauge hab = hab and the wave equation simplifies to: 

Wohab - 2i?2L^'' - 2/2(°)c(a^ ' = 0. (D.51) 

This obviously reduces to equation (D.9) in the flat background limit. 

The curved background GWs propagation equation couples the perturbation to the background 
curvature. This causes a gradual evolution in the properties of the wave. In the high frequency limit 
this evolution can be described using the formalism of geometric optics, showing that GWs travel 
along null geodesies with slowly evolving amplitudes and polarizations [43]. 

D.3.3 GWs stress energy tensor 
Second order equations 

The analysis of the second order equation (D.48) is central to this thesis since it provides information 
on the local energy content of GWs. It can be re- written as 

G'l?[/] = 8vr(-^Gf,^ (D.52) 

where G^^-* := R^abih] ~ l^'atfi'^^'^-^cd [^1' '^^^^ ^^ab[h] given in (D.43), and where we have used the 
linear equation R^^bih] = 0. The tensor in between brackets on the r.h.s. is the curved background 
generalization of tab[h] defined in (D.27). Even though it enjoys various properties as observed above, 
the main obstacle in interpreting it as the stress energy tensor of GWs is that it is not invariant under 
a general change of coordinates. This implies that one can in principle always find a suitable system 
of coordinate where, locally at some spacetime event V, the total physical metric gab is Minkowski. 
For such an observer tab[h] \p would vanish. Such considerations lead to expect that in order to define 
a meaningful concept of local energy density for GWs one should recur to some kind of spacetime 
averaging over a region containing many wavelengths. 

Another reason for this emerges by looking at (D.52). The background Einstein tensor is smooth 
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and varies on a typical scale L ^ i. This means that it contains no fluctuations. Yet, on the r.h.s. we 
have a tensor built upon the high frequency perturbation hab- This also leads to think that it is some 
suitable smooth average of G^^^ [h] that should act as a source for the smooth background curvature. 

To see this better we can recaU that Rabig] = R^^^ +^Rab +^^Rab +^^Rab^\ = 0- Once the linear 
equation is imposed by R^^jj = 0, the classical vacuum Einstein's equation implies R^^^j + i?^^-* = 0. 
Setting again e = 1 for convenience, we can re-write this as 

+ {R^\h]) + {R^^[h] - = 0, (D.53) 

where ( ■ ) denotes some average to be defined later. The first two terms are now both smooth and 
slow varying so that we can set 

RTm = -{RZ\h])- (D.54) 

The term in curly bracket however defines a high frequency perturbation with zero average. In order 
to maintain a solution of Einstein's equation at second order one must introduce a higher order metric 
perturbation gf^j by writing from the start gat = g^b + hab + g^ab ■ 'This way an extra term R^abid^'^^] 
appears in (D.53) on the l.h.s. and we get the extra equation 

R%'''] = {R'^[h])-R^M- (D.55) 

Summarizing we have the following interpretation: the GWs are represented by a high frequency 
perturbation hab of a smooth, slow varying background g^^^. Their propagation is described by the 
linear equation R^^^j [h] = which, in an arbitrary gauge, reads 

V^Vc/^ab + VbVah - Wbhac - W ahc = 0. (D.56) 

The smooth background is produced by a suitable average of a backreaction tensor quadratic in the 
perturbation, according to the effective Einstein's equation 

Gfb\9']=8nT^^, (D.57) 
where the GWs stress energy tensor will be defined by an expression like 

■■= -I [{R^M) - Igl {R''\h])^ - -I {G^hh]) ■ (D.58) 

Finally, due to the the fact that gravity auto-interacts with itself, the linear GWs are themselves source 
of extra, higher order perturbations that obey a wave equation with a source given by 

R%'''] = {R^hh])-Rfhh]. (D.59) 
This can account for phenomena such as e.g. wave- wave scattering or higher harmonics [140]. 

General definition and properties of the GWs stress energy tensor 

The second order part of the Einstein tensor, giving the microscopic structure of what will become 
the GWs stress energy tensor, can be found starting from (D.43). It is straightforward to show that 
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this can be written as [43]: 

= \ {VcSab'' - Qab) , (D.60) 



where 



Sab' := Sb'h^^Vahed + h'\V dhab ' ^ bhda ' ^ ahdb) + Qab 



h'\V^hde - \Vdh) - hi.dV'h'" 



(D.61) 



and 



Qab ■ = \'^ah''^Vbhcd - y'hif{V,hda - V dKa) ' \v^K\/ ^,hda + V ahdb ' ^ dhab) 



2 "ah 



(D.62) 



Symbolically the simple structure emerges G^'^^ ~ (dhY + d{hdh), which implies that only the part 
quadratic in dh will survive an averaging procedure over extended spacetime regions. 

Similarly to what is done to study macroscopic electric fields inside a dielectric, one can define 
the energy content of GWs by neglecting the fine details due to the fast fluctuations and recovering an 
average expression which is suitable to represent the local energy content of GWs. The procedure used 
by Isaacson is the same as that introduced by Amowitt, Deser and Misner in [1 17]. The notation ( ■ ) 
then denotes a spacetime integral average over a region whose characteristic size L,;) contains many 
fluctuations wavelengths: i.e. it must be small compared to the scale L over which the background 
varies, yet still of order 0(1) and much larger of i, the typical fluctuations scale, and we have 

[i = 0(e)] « = 0(1)] « [L = 0(1)]. (D.63) 

The procedure is defined in such a way that the average of a tensor still yields a tensor. Further details 
are given at the end of this section. 

The GWs stress energy tensor is then given by 

When performing the average many terms can be simplified or neglected thanks to the following rules 
[44, 140]: 

1. covariant derivatives of hah commute as e — > and one can use {hV d^ chab) = {hV dhab)\ 

2. averages of a divergence, e.g. (V cSab^)^ are reduced by a factor e and can also be neglected; 

3. for the same reason it is possible to integrate by parts under integrals so that, ignoring extra 
terms smaller by a factor e, one can use e.g. {hV dhab) = — (S dhV chab) ■ 

Using these prescriptions as well as [140]: 

4. the fact that hab satisfies the linearized GWs equation G^^^ [h] = given in (D.56) 
it is possible to show that [140, 119] 

T^^ = ^ hahcdVji"" - ]^VahVji - 2Vdh"'V(^ahb)c\ + 0(e), (D.65) 
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which is an expression valid in any gauge. 

Isaacson studied the gauge invariance properties of this quantity. He showed that, under a general 
gauge transformation hab — > hah + V(afb), it is 

Gi? - = Gi? + V.f/„,1t.] + 0{e). (D.66) 

The extra term V cUab^[v\ is of order 0(e) if the coordinate transformation vector Va contains only low 
frequency components and it could be neglected as such. When Va includes high frequency modes it is 
instead V JJab'iv] = 0(1), showing that the un-averaged G''^^ is not indeed gauge invariant. However, 
since divergences are reduced under averages, it follows that the averaged tensor is gauge invariant 
up to smaller terms of order e, i.e. 

- = + 0{e). (D.67) 

The gauge invariance of being shown, one can always go to the traceless-transverse gauge 
for hab, where it takes the very simple form 

= TT^ (V„/iedV5/i^"> + 0(e). (D.68) 

Note from the background Einstein's equation Gf^[g^] = 8nT^^ that this is conserved with respect 
to Qab^ i.e. 

VT^^ = + O{e). (D.69) 



GWs stress energy tensor in the geometric optic approximation 

In the geometric optic approximation, suitable to describe GWs propagation on the curved back- 
ground, one has an explicit representation of hab as 

hab = Aeabe't (D-VO) 

where the polarization Cab is defined to satisfy Cabe"''' = 1, while is a rapidly fluctuating phase 
with large first derivatives but negligible higher derivatives and ka := da(p represents ray vectors 
normal to the surfaces of constant phase. The effect of the curvature is to induce a slow variation 
in the amplitude A, polarization Cab and propagation vector ka of the wave. Then imposition of the 
transverse-traceless gauge yields 

g^'^'cab = 0, (D.71) 
kac""' = 0, (D.72) 

while imposing the wave equation yields: 

kak" = (D.73) 



and 

V, {A^k'^) = 0, V.eabk'' = 0. (D.74) 

The first condition gives the variation of the amplitude once the integral null curves along which waves 
propagate are known, while the second shows that the polarization tensor is parallel-transported along 
such curves. By using this information the GWs stress energy tensor (D.65) reduces to the very simple 
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form 



TT'''' ■■= ¥rzkah. (D.75) 



647r 

Note that, as it happens for a radiation fluid, it is traceless 

yGW-GO ^ ^B^^-yGW-GO ^ ^ ^a^^ ^ q_ (^.76) 

We summarize now some important points which will be crucial to the development of this thesis: 

1. the non-averaged expressions (D.60)-(D.62) are general and simply define the non linear oper- 
ator: 

Gi?[-] = ^(Ve5a6l-]-ga4-]); (D-V7) 

2. if acting on a symmetric tensor hab describing GWs, i.e. satisfying the wave equation (D.56), 
its average yields the expression 



= ^ {^ahcdVjl'" - ^VahVbh - 2Vdh"'V(ah)c ) ] (D.78) 



3. finally, if hat also satisfies the geometric optics approximation, this further reduces to 



QAtt 



TT''° = 7r^kah. (D.79) 



D.3.4 Definition of the spacetime averaging procedure 

In general, averages of tensors over a curved geometry do not yield a tensor as the integration in- 
volves tensors defined at different spacetime points which, therefore, have different transformation 
properties. To defined a meaningful average whose result is a true tensor one must devise a method 
to transport the tensors entering the average at the same spacetime point, where they can be summed 
in the ordinary manner [44, 140]. 

This can be done in a unique manner by defining the bivector of geodesic parallel displacement 
^ , discussed by De Witt [142] and Synge [143]. Its definition follows by observing that, in a small 
macroscopic region containing many perturbation's wavelengths, there exists a unique geodesic 7pp/ 
connecting any two events V and V' . Then, if E denotes an arbitrary tensor field, one can define 

E{V')^v ■■= parallel transport of E{V') to V along 7^,^,. (D.80) 

Next one defines a scalar weighting function /("P, V) such that 

Owhenrf(P,P') > ^0, (D.81) 



j f{V,V')y^d'x' = 1, (D.82) 

where such that i <^ Li^) <C defines the averaging scale containing many wavelengths and 
c?(P, V) is the distance between V and V . The average of the tensor field E{V') about event V is 
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then defined as 

{E)^ := j E{V'Urf{V,V')^/^d'x'. (D.83) 

Given these definition it is possible to show that [140] an object g^J" can be defined such that it 
transform as a tensor at V' with respect to the index a' and as a tensor at V with respect to the index 
a. This is the bivector of geodesic parallel displacement mentioned above. In the case of E having 
two covariant indices, this allows to express its parallel transport as 

Eai,{V')^v = g^fg^'^'EMV). (D.84) 
Then, when expressed explicitly in the coordinate system, the average (D.83) yields 

{E,.), = J g""/ {x,x')g^/ {x,x')EM^')f{x,x')./^^^d^x'. (D.85) 

Finally Isaacson paper [44] shows how to derive the rules 1 ., 2. and 3. listed at page 133 starting from 
this expression. 



Appendix E 

Quantum physics background 



In this Appendix we give a very synthetic summary of some quantum mechanics concepts that 
we employ in Chapter 1. In particular we illustrate how the density matrix formalism can be 
introduced as an alternative to the well known state vector formalism. In the last section we 
illustrate some ideas related to decoherence theory. 



E.l State vector and unitary evolution 

In quantum mechanics the state of a system is described by a normalized vector ip in an abstract com- 
plex Hilbert space. In the Schrddinger picture dynamical variables are represented by fixed hermitian 
operators while the state vector evolves in time according to Schrodinger equation 

Hi^t = ^h^, (E.l) 
at 

where H is the hamiltonian operator. The fact that the operators are hermitian guarantees that they 
admit a complete set of orthogonal eigenvectors with real eigenvalues. One important postulate of 
quantum mechanics states the possible results of an experiment devoted to measure, say, an observable 
A can be only the eigenvalues of the corresponding quantum operator A. If Avn = a-nVn is the 
eigenvalue equation for the operator A then the set {f of orthogonal eigenvectors allows to expand 
a generic state ip as 

n 

where c„ = if)) and ( , ) denotes the Hilbert space scalar product. The components c„ are related 
to the probabilities that a single measurement of the observable A yields the value a„, i.e.^ 

P(A = a„,) = |cJ' = |K,7/;)|^ (E.2) 

By the usual properties of probability this implies that it must be 



For simplicity we assume the eigenvalues to be not degenerate. 
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The expectation or average value of the observable A after many identical experiments on identi- 
cally prepared systems is given by 



{A) = {^,A^) = ^a„|c„ 



Since the state vector changes in time, the expectation values of an observable also change in general. 
From 

{A)t = iijt,Aijt), (E.3) 
using the equation of motion (E. 1), and if A doesn't depend on time, we have 

j^{A)t = '-m,Aij) - '-{ij,AHij) = [^,i]^), (E.4) 

where [ , ] denotes the commutator and where we have exploited the fact that the H is hermitian. 
Thus 

±{A), = U[H,A]) . (E.5) 



dt h \^ ^ 1 1 

The spectrum of an operator can be discrete or continuous as, e.g., it is the case for the position 
operator x. Considering for simplicity a single particle in one-dimension the eigenvalue equation 
reads where x G M. An arbitrary state ip could then be expanded as 



ijj = ijj{x)uxdx, 
Jr 

where 

^Ij{x) := {ux,ij). (E.6) 

The complex function ^{x) describes the quantum state in the well known position representation. In 
this case the scalar product has the explicit representation 

{'ip,(f))= / dx'ijj*{x)(p{x), 



where * denotes complex conjugation, and the Hilbert space can be identified with L^(]R). In the 
position representation IV'I^^)!^ can be interpreted as the position probability density to measure the 
particle position at the location x. 

Going back to the abstract level, the state vector evolution in the Hilbert space can be explicitly 
written in terms of the temporal evolution operator U{t,to) as 

iJt = U{t,to)4^o, (E.7) 

where represents the initial state of the system at t = to- The operators Uit.to) are unitary and 
form a group 

U{t,to) = U{t,h)U{h,to), (E.8) 
U"\t,to) = U{to,t), (E.9) 
UU^ = U^U = 1 (E.IO) 
where ^ denotes the adjoint operator and I is the identity operator. Substituting equation (E.7) into 
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equation (E.l) we find 

hdU{t,to) 



+ HUit,to) = 0, Uito,to) = i. (E.ll) 



i dt 

Equation (E. 1 1) can be cast in the equivalent integral form 

U{t,to) = i-l f HU{t\to)dt'. (E.12) 

A formal solution of (E. 11), valid when H does not depend itself on time, is 

U{t) = e-^^*, 

where we set to = 0. 

In many situations, and as it also happens for the problem we study in Chapter 1, the Hamiltonian 
operator can have an explicit time dependence. This is typically the case when H represents some 
time dependent small perturbation acting on the system. Then a solution to equation (E.12) can be 
attempted through a Dyson 's perturbation series. As the 0-th approximation we have 

[/(°)(^,^o) =i. (E.13) 
Substituting back into equation (E.12) we find the first order approximation 

. i ft ^ 

U^^\t,to)=l-- H(t')dt'. (E.14) 
In the same manner, the second order approximation results in 

U^^\t,to) = i - ^ [' H{t')dt' + f f H{t')H{t")dt"dt'. (E.15) 

^Jto V ^ / J to J to 

If the procedure converges^ the approximation process can be continued in the same fashion and we 
get the series expansion 

oo 

U{t,to)=J2Un{t,to), (E.16) 

n=0 

where 

/■\n i-t ft' 

Un{t,to) := i^-^j J^j^ - J^ H{t')H{t")---H{&^)d&^---dt'. {E.ll) 
Then A^-th order truncated series for the evolution operator is 

N 

U^''\t,t,) = Y,Un{tM- (E.18) 

n=0 

If the hamiltonian depends upon some small parameter e then tj^^'^ (t, to) will be of order 

Going back to the case of time independent Hamiltonian for simplicity, an important feature of 



It is known that whenever H isa bounded operator the series does indeed converge. 
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quantum mechanics is that the so called unitary evolution described by 



i_ fjx 



is deterministic and continuous. The indeterminism comes in only when a measurement is performed. 
In that case only one of eigenvalues a„ of the observable A under exam results unpredictably. The 
usual view is that if the state before the measurement was = c^Vn, then the state after the 
measurement is 4'' = Vn- The transition il) — > Vn goes under the name of state vector reduction or 
collapse of the state vector. Within the standard framework of quantum mechanics it is supposed to 
happen instantly and it thus represents a non-unitary, discontinuous element in the system evolution. 
It is important to realize that the transition — > f „ cannot happen by virtue of unitary evolution alone. 
This is because Schrodinger equation is linear and the operators of quantum mechanics are linear. In 
fact if the system initial state is ifj^ = Cn^Vn, where the m„ are the eigenvectors of some hermitian 
operator A, then the evolved state at time t is 



which is still given by a superposition of states. 

The unitary evolution maintains the correlations that may be present in the state vector describing 
some system. This is important for phenomena such as, e.g., quantum interference to happen. We 
can consider for simplicity a superposition of two states ijj = ciipi + C2ijj2, which may describe the 
wave function of a single particle emerging behind two slits like in the standard Young interference 
experiment. Until the particle hits the photographic plate and a position measurement is performed, 
unitary evolution maintains the superposition state intact. This implies that the position probability 

2 2 2 2 2 

density at the screen location is given by I + ^/;2 1 = |ci| \ipi\ +\c2\ |V'2| + clc2iplip2 + C1C21P11P2 
and it is well known that interference is due to the cross terms. It is only after the measurement 
that the particle wave functions collapses to some position eigenstate according to ^ — > Ux- The 
important feature of a so called pure state like the one considered above is that, prior to measurement, 
the particle is neither in the state tpi nor ^2- It is really in a superposition of the two. The two states 
are there simultaneously and interact giving rise to the typical interference pattern. This particular 
pure state could be described in words as tpi AND %jj2. 

In some situations one may however encounter a situation in which it is tpi OR ■ip2. This would 
corresponds to the particle state being really either given by ipi or ^2- The 'doubt' standing solely in 
our lack of knowledge on the 'real' state of the system. In this case one usually speaks of a mixed 
state or statistical mixture. Notice that no interference is possible because the two states ifji and 11)2 
cannot interact; they simply are not there simultaneously! In the next section we introduce the density 
matrix formalism which allows to treat the case of mixed states in a very natural way. 




E.2 The density operator 



A quantum system which is not in pure state can be described by a statistical mixture of pure states 
each one having a probability u;*^*) to occur. The ip^'''> are normalized but do not have to be 
necessarily orthogonal. Choosing any maximal set of commuting operators, any vector of the Hilbert 
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space can be expanded in the orthonormal basis of their common eigenvectors Un- In particular 

ip'^'^ = J2cli^Un, (E.19) 

n 

where 

n 

The expectation value of an observable A in the pure state tp^^^ is 

(A), = = 5^c»*c«K,ia^) = ^c«*c«A_, (E.21) 

where Anm '■= {un, Aum) are the matrix elements of the operator A. Since the system has a statistical 
probability w'^'^^ to be described by the pure state 0*^*^ the statistical grand average of the observable 
in the mixed state can be defined as 

{A) := = $^A_5^«;»c«*c«. (E.22) 

i nm i 

Defining the density matrix elements by 

Pmn:=5^w^^')c«*c« (E.23) 

i 

then 

{A) = J2 PmnAnm = Tr(pi) , (E.24) 

nm 

where p indicates the abstract density matrix operator and Tr denotes the trace. 

Dirac's bra-ket notation allows to get an useful representation for the density matrix. Denoting 
the base states by the kets \n) and the pure states ip^^^ by \i) then by definition 

c» = (E.25) 

so that 

Pmn = J2H^)^^'^i^\^) (E.26) 

i 

and the density operator itself can be written as 

p = Yw^''^\i){i\. (E.27) 

i 

Thus p appears as a statistical sum of the projector operators \i) {i\ upon the pure states 

In the special case in which the system happens to be in the pure state |A;) then w'^^^ = 5ik and p 
reduces to be a simple projection operator 

p''=\k){kl (E.28) 
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where ^ stands for pure. Equation (E.24) for the expectation value would read 

(^) = Y.^p'^Mmm = Y.{m\k){k\A\m) = J2^li^Hmm) = (A:|i |m) = (A;|i|A;), 

mm m m 

(E.29) 

as it would result from the usual quantum mechanics pure states formalism. 

This example shows that the density matrix formalism includes as a special case the more usual 
pure states formalism. At a formal level, equation (E.24) can be used as a general definition of the 
density operator, in the sense that p is some operator characterizing the system ( whether mixed or 
pure), allowing to get the expectation value of any observable A through {A) = Tr(pA). 

In the density matrix formalism the rule (E.2) for the probability that the measurement of A yields 
the value a„ reads: 

P(A = a„) =Tr[pP(a„)], (E.30) 

Here the projector operator P{an) into the subspace spanned by the eigenvectors of A corresponding 
to the eigenvalue a„ is given by P{an) = \an){an\. Equation (E.30) is general and it can be easily 
checked that it reduces to (E.2) in the special case in which = describes a pure state: 

Tr[p^P(a„)] = ^{m\%l)){'4)\an){an\m) = \{an\i')f , 

m 

where we have used the completeness relation J2m 1"^) ("^1 ~ 

The following formal properties of a density operator are important. For a proof we refer to [144]: 

1 . p is Hermitian; 

2. p is positive definite, i.e. {u\p\u) > for any 

3. Trp = 1, where Trp = X]n(^lpl^) denotes the Trace; 

4. The diagonal elements of p in any representation are nonnegative; 

5. The eigenvalues p„ satisfy < p„ < 1; 

6. If p is a projection operator it projects into a one dimensional subspace; 

7. Tr (p^) < 1, and the equality holds only if p is a projector operator; 

8. With p written as p = ^ • w^'^^i) (z| , a necessary and sufficient condition for it to be a projection 
operator is that all the \i) should be identical up to a phase factor. In this case the above sum 
reduces to only one term. 

Thus we have the important property that Tr (p^) = 1 only when p describes a pure state. Statistical 
mixtures are thus characterized by the important property Tr (p^) < 1. 

An elementary but instructive example that shows the utility of the density matrix formalism in 
relation to the problem of decoherence is the following. Let \tp) := ci|l) + C2|2) be a pure state and 
let us consider the special case in which the two states |1) and |2) are orthogonal and make part of 
complete set {|?t,)}jj. As it has been discussed above the ket \ip) is a superposition of states that can 
interfere with each other. In the density matrix formalism the same system would be described by the 
projector operator 

p^ = = \c^f |1)(1| + \c2f |2)(2| + clc2\2){l\ + Cic;|l)(2|. 
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The matrix elements would follow form pnm = {n\p\m). The only non vanishing matrix element 
would be 

P||2 P||2 p * P * /T-T1\ 

Pll = |Cl| , P22=|C2| , Pi2=CiC2, Pgl = ^2^. (E.31) 

In particular the possibility of interference between the pure state two components is expressed in the 
matric element formalism by the fact that the off-diagonal terms are not zero. 

On the other hand a mixed state describing a system which is either |1) or |2) and where interfer- 
ence cannot happen would be described by the density matrix 

P = m;W|1)(1|+w;(2)|2)(2|. 

Using as above the set of orthonormal vectors { |n) }„ as a base, in this case only the diagonal elements 
are present, while the off-diagonal components vanish. Quite in general we have that in the density 
matrix formalism the absence of off-diagonal components implies the inability of the system to show 
interference. 



E.2.1 Unitary evolution of the density operator 

We now derive the equation for the time evolution of the density matrix. To this end we can consider 
an arbitrary observable A and write the time derivative of its expectation value as 

|(A) = |Tr(pi)=Tr(M). (E.32) 

Moreover we have 

{[H,A]) = '-Tv{p[H,A]) = '-Tv{pHA-pAH) = '-Tr{pHA-HpA) = Tr(^[p,^]i), (E.33) 

where we have used the fact that the trace is addictive and unchanged under cyclic permutation of the 
factors. Comparing equations (E.5), (E.32), (E.33) we get 

P = l[p.Hl (E.34) 

which is the analogue of the Schrodinger equation and describes unitary evolution. 

This equation is general but we are also interested in having an explicit formal expression for the 
evolved density matrix pt of an initial density operator po through some kind of temporal evolution 
operator as it has been done for the state vector in equation (E.7). If the system is in a mixed state 
then it can conveniently be described by a density operator given by 



Pt 



(E.35) 



in terms of the time dependent pure states \i)t- The time evolution of the density operator stems from 
the time evolution of the individual pure states. For these we have 

\i)t = ty{t,t^)\€)^. (E.36) 
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The bra {i\t corresponding to the ket \i)t must evolve according to 

{t\t = {t\oUKt,to). (E.37) 
This guarantees indeed the normalization of the pure states at every time 

{t\tt)t = {t\oUHt,to)U{t,to)\t)o = {t\ot)o = 1. (E.38) 
The time evolution of the density matrix follows as 

Pt = J2u{t,to)\t)oW^'Ht\oU\t,to) = Uit,to)poUHt,to). (E.39) 

i 

Then the expansion (E.16) can be used to express U{t, to) and obtain an explicit expression for the 
evolved density matrix. 

Let us think now of if as a small perturbation (which is indeed the case in our case of interest 
where it represents the tiny fluctuations in the gravitational field). In the expansion series for U we 
retain then only the terms up to second order and the evolved density matrix is 

Pt = [i + Uiit, 0) + U2it, 0)]po[I + UKt, 0) + Ulit, 0)]. (E.40) 
Keeping terms up to second order gives 

Pt = Po + Ui{t, 0)po + PoUKt, 0) + U2{t, 0)po + Ui{t, 0)poUl{t, 0) + poUl{t, 0), (E.41) 

with ^ 

f>i(t,0) = --^^ Hit')dt', 

U2{t,0) = -^J^J^ H{t')H{t")dt"dt' 
These are the expressions (1.9) used in chapter 1. 

E.2.2 Proper and improper mixtures 

In many important situations a quantum system can be decomposed into various subsystems. The state 
vector (or density matrix) describing the whole system encodes information about all the subparts 
and their correlations. This applies e.g. to the relatively simple case of a system composed of N 
particles or, which is relevant to the issue of decoherence, to the case of one particle and a complex 
quantum environment with which it interacts. One of the key and striking features of QM is that, 
because there is only one overall state vector for the whole system, its subparts are often entangled; 
i.e. systems that interacts once and get correlated maintain their correlation even at later times. A 
typical simple example includes EPR-like systems [145], e.g. when a particle with, say, zero spin 
decays into two particles that then propagate far from each other: the time evolution of the whole 
system is unitary until a spin measurement is performed on one of the particles, in which case the part 
of the wave function describing the second particle, possibly causally separated from the first, also 
collapses, instantaneously to a new appropriate state. This example shows the non-local nature of 
QM, as it is also implicit in the violation of Bell inequalities [146] and as it has also been confirmed 
by experiments [147]. 



(E.42) 
(E.43) 
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For sake of illustration we can consider e.g. a composite quantum system Ti = S + E, where the 
subsystems S and E could be described individually through their relevant Hilbert spaces H^^'^ and 
Ti.^^^ . The total system Hilbert is given by the tensor product H = H^^^ HS^^ and a pure state could 
be generally written as 

\i^) = Y.''^M\''^). (E.44) 

where {\vi)} and are two complete sets of orthonormal kets in Ti'^'^^ and TY^^'. Such a 

situation could typically occur as a result of some past interaction between S and E. The specific 
example of the two particles having opposite spins could e.g. be described as 

IV^) = ^IT)li) + ^li)IT)- 

If a measurement, say of particle 1, yields a spin up alignment as described by | ]), then the entan- 
glement would force the wave function related to particle 2 to collapse to a spin down alignment, as 
described by | [). 

Let us go back now to the general case (E.44) and suppose we are interested in describing the 
subsystem S only, which could be a quantum particle propagating through an environment described 
by E. Let A be an observable pertaining to S. The expectation value of A is 



{A) = (V^|i|?/^) = ^C*frs{Vi\{Uj\A\Vr)\Us). 



ijrs 

Since A belongs to the system S, the operator A does not affect the vectors in H^^^ and the previous 
equation can be rewritten as 

{A) = {ij\A\ij) =J2cijCrj{Vi\A\Vr) = ^Pri^ir- = Tr (pi), 
ijr ir 

where we used {uj\us) = 5js and where Ai^ = {vi\A\vr) are the matrix elements of the operator A in 
the base {\vi)} while 

Pri = ^CrjC*j (E.45) 
j 

are the matrix elements of the operator 

P = '^\Vr)Pri{Vi\. (E.46) 

ri 

The density operator 

rsij 

describing the whole system Tj = S + E has matrix elements given by p^^/j^ = CrsC*j. Equations 
(E.45) and (E.46) can thus be rewritten as 



Pr^ = Yl Pfr, 



ip 

J 
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which corresponds to 

p = Tr(V) ■.= Y,{uMnn) 

n 

where the partial trace Tr means that the operation of taking the trace of the operator is carried 
over only with respect to H.'^^^ 

It is possible to show that the operator p defined above satisfies all the property enjoyed by any 
density operator as listed above. Moreover it can be verified that 

Trp2 < 1, 

implying that, as long as it is considered on its own, the subsystem S resembles a statistical mixture. 
This fact is remarkable and motivates the convention which extends the name of mixtures also to 
the systems like S considered here. Such an emerging mixture should be more properly called an 
improper mixture; the reason being that the full system H = S + E h still described by a pure state. 
The system S gains mixtures properties only due to the fact that in tracing out the properties of the 
environment E one loses information about the correlation that are still present in the overall system. 

It is important to note that the fact that the density matrix related to system S turns into the 
appropriate form to describe mixtures cannot stem out of unitary evolution. Indeed, from pt = 
U{t, to)poW{t, to), we can observe that: 

= U{t,to)poU^{t,to)U{t,to)poU\t,to) = U{t,to)plU\t,h). 

We see that, if Pq = po, then p^ = pt for every t. Thus a pure state can never evolve into a mixture if 
the time evolution is governed by Schrddinger equation. 

E.3 Basic concepts in decoherence theory 

Many excellent reviews articles analyzing decoherence, its roots, its meaning, and its consequences 
can be found in the literature [27, 148, 149, 150, 26]. We refer to these for a comprehensive review. 
With the following we aim to describe briefly some essential features that are important in relation to 
the present work. 

As succinctly expressed by Joss in [150] 

Decoherence is the irreversible formation of quantum correlations of a system with its 
environment. These correlations lead to entirely new properties and behavior compared 
to that shown by isolated objects. 

The motivation behind this statement is expressed in a nutshell by the example of the previous sec- 
tion. Quantum mechanics unitary evolution applies to the closed system S = S + E. However 
because of the entanglement from interaction, as expressed by |^) = Cij\vi)\uj), the system of 
interest S appears to gain new properties: namely it becomes analogue to a statistical mixture, thus 
losing the coherence properties that are needed to show genuine quantum effects such as, e.g., inter- 
ference. Whenever the environment E has many degrees of freedom the entanglement is practically 
irreversible and the effects of decoherence on S can be quite dramatic. 

Decoherence is an ubiquitous quantum phenomenon and it is important to understand that it rep- 
resents the rule more than the exception. Indeed a perfectly isolated and closed system does not exist, 
exception made, perhaps, for the whole universe. Of course the degree of decoherence suffered by a 
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quantum system coupled to its environment will depend upon the complexity of the environment and 
the strength of the coupling. Decoherence is strongly believed to play an important role in determin- 
ing the quantum to classical transition and helping alleviating the measurement problem of quantum 
mechanics. Starting from the 90s it received important experimental verifications in [151], where 
decoherence of mesoscopic superposition of quantum states involving radiation fields was observed, 
and in [152], when interference with fuUerene molecules was first obtained. 

According to Von Neumann's measurement process description, in the interaction with a macro- 
scopic quantum apparatus, the state \n) of a quantum system gets correlated with the so called macro- 
scopic pointer state \^{n)). If |$(0)) represents the initial pointer position prior to interaction, an 
ideal measurement should look like 

|n)|$(0)) ^ |n)|$(n)). 

The roots of the measurement problem are in the fact that if the particle is initially in a pure superpo- 
sition state then, by linearity, we have: 




l*(0))-5^c.|n)|$(n)), 



i.e. because of the interaction the system and the apparatus become correlated in such a way that 
the superposition state also affects the macroscopic apparatus. Clearly macroscopic superpositions of 
classical objects have never been observed and the problem stands in asking why this is so and why 
the measurement always yields one definite answer, corresponding to one definite pointer state. The 
problem is somehow alleviated if one takes the environment into account and considers the resulting 
decoherence. The coupling of the apparatus to the environment dislocalizes the phase relations to the 
enlarged total system made up of quantum particle -i- apparatus -i- environment according to 

Y,Cn\n)\^{n)) \ |Eo) ^ J]cJn)|$H)|E„) := ^, 

\ n / n 

where the kets denote orthogonal environment states. Taking the partial trace of the total density 
matrix p := with respect to the environment states yields the reduced density matrix describing 

the particle -i- apparatus as 

n 

This density matrix describes an improper mixture with no correlations; off-diagonal terms are absent 
and, in this sense, the system S + A acquires classical behavior. 

Another example is the localization process of macroscopic objects. In this case one can consider 
the scattering of microscopic environmental particles off a body that represents the system of interest. 
It can be shown that, as a result of many scattering processes, the reduced density matrix describing 
the object suffers an exponential damping of spacial coherence, i.e. in the position representation one 
finds [153] 

pt{x, x') = po{x, x') exp [-At(x - x'f] , 

where the localization rate A depends on the flux and momenta of the environment particles and on 
scattering cross section. Numerical estimates indicate that macroscopic particles such as dust grains 
or even relatively large molecules {d ~ 10^^ cm) have a very large localization rate (and thus suffer 
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fast decoherence) even for a typical laboratory vacuum environment, estimated as containing roughly 
10"^ particles per cm'^. 

We conclude this short summary by remarking that the reduced density matrix describing a system 
that suffers decoherence usually obeys some master equation that doesn't describe unitary evolution 
such as in (E.34). In this localization example the appropriate master equation takes the form: 



where H describes in this case the free Schrodinger evolution while the extra term results as an effect 
of the scattering process. In the position representation and in one dimension this equation reads 



P = t[p,H] + p 



scattering ' 



(E.47) 



(^=1): 
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